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SUPPLEMENT

Some Recent Developments

This Supplement, written by one of us (J. P. C.) in May-June, 1968, is intended
primarily to update certain parts of the main text, which was completed in
mid-1966, and to include some recent (mostly after mid-1966) resuits which
bear some relevance to various parts of the text. We make no claim for a
complete coverage of recent results in all relevant areas; indeed, in view of the
large volume of research which is currently being produced in all areas of
stellar structure, an entire book could easily be devoted merely to summa-
rizing work carried out in this period from mid-1966 to early 1968. The
personal bias of the author and the time he has had to assemble and partially
digest these results have been the main criteria for the selection of topics. It
should also be pointed out that this Supplement does not represent in any
sense a critical review of the recent literature. Hence, the author disclaims all
responsibility for any errors, misconceptions, and the like which may be
contained in the papers referred to here.

For the benefit of the reader, the topics included in this Supplement have
been assembled into sections whose numbers and titles correspond to those
of the chapters to which the topics are most closely related (for example, the
topics included in Sect. S.26 are, generally, most closely related to the con-
tents of Chap. 26, on Stellar Evolution). Thus, there are gaps in the section
numbers, corresponding to chapters for which no recent results have been
included. In some cases the topics included in a given section are related to
more than one chapter. In such cases the information is presented in only one
of the sections and cross-references from other relevant sections to this one
are made. Some of the topics included in the Supplement are either not
discussed at all in the main text or are mentioned only briefly there; their
inclusion in the Supplement was dictated by their obvious general interest or
overall relevance to the general field of stellar structure. In cases where a
number of different topics are included in a given section, the section is
further divided into subsections, whose titles and numbers are entirely
arbitrary and are not necessarily related to the sections in the corresponding

chapter(s). The equations and tables are numbered consecutively for the
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entire Supplement. The references for the entire Supplement are all collected
together at the end, in the Supplement Reference List, and are entirely separate
and distinct from the Reference List and Author Index that applies to the
main body of the text. (However, some of the references included in the
Reference List and Author Index are also included in the Supplement Ref-
erence List, especially in cases where such references were available only in
preprint form at the time the Reference List and Author Index was prepared.
Also, some of the references in the Supplement Reference List are ones which
were missed by the author during the preparation of the Reference List and
Author Index.) References to papers contained in the Reference List and
Author Index are indicated in the usual way as explained in the Preface,
whereas those in the Supplement Reference List are indicated simply by the
author’s name followed by the date in parentheses. The numbers in paren-
theses following each reference give the section(s) or subsection(s) in the
Supplement where that reference is cited. One unfortunate defect of the
Supplement Reference List is that a number of the papers referenced were in
the author’s possession only in preprint form at the time the Supplement was
written. Some of these papers had no doubt already been published at the
time of this writing or will have been published by the time the Supplement is
published. In order to avoid delaying the completion of the Supplement, the
subsequent publishing fate of these preprints has not been followed up.

The amount of elaboration given to each of the various topics included
varies greatly from one topic to another. No attempt at uniformity in this
respect has been made. The degree of elaboration devoted to a given topic is
not necessarily a measure of the importance of that topic but is, rather, an
indication of the personal preference of the author, the degree to which he
has been able to assimilate the material in the time available, and of the
boundary condition that the Supplement should not be excessively lengthy.
The depth and extensiveness of the coverage of the various topics ranges from
a mere bibliographical listing of some of the important recent papers in the
relevant area at one extreme, to a more-or-less detailed discussion of some of
the relevant papers at the other. The author can only ask forbearance from
those persons whose recent research results either have not been included in
this Supplement at all or else have been treated only in a cursory way.

We may note that a thorough and extensive summary of recent work in
stellar interiors (up to mid-1967) may be found in the Commission 35 report
of the Agenda and Draft Reports, 13th General Assembly of the International
Astronomical Union, 22-31 August 1967.

We may also note that two other books on stellar interiors have recently
been published or will be published soon. These are by Chiu (1967) and
Clayton (1968).
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S.0 Basic Observational Material

In this section we mention only recent work pertaining to effective
temperatures, colors, bolometric corrections, and radii for stars (Sect. S.0.1);
to the empirical mass-luminosity relation (Sect. S.0.2); and to a recently
suggested modification of the distance modulus of the Hyades cluster
(Sect. S.0.3). See also the references in Sect. S.26.1.

S.0.1 Effective Temperatures, Colors, and Bolometric Corrections

Perhaps the most fundamental recent work on the problem of establishing
the scale of effective temperatures for stars of various spectral types is that
of Brown, Davis, Allen, and Rome (1967). Using the new stellar intensity
interferometer (see Brown, Davis, and Allen (1967) and references contained
therein), these authors have measured the angular diameters of 15 stars to an
accuracy of about +5 per cent (corrected for limb darkening). These stars
are all relatively bright (brighter than apparent visual magnitude + 2), range
in spectral type from B0 to F5, and have luminosity classes from V through
Ia. The smallest stellar angular diameter measured is 0.70 x 10”3 seconds of
arc, for ¢ Ori, whereas the largest is 6.48 x 10~ 3 seconds of arc, for « Car;
a typical angular diameter is 3.31 x 10~ 3 seconds of arc, for a Lyr (Vega).

The absolute monochromatic flux F; at the stellar surface is easily seen
to be related to the monochromatic flux f; observed just outside the earth’s

atmosphere by

F, = (S.1)

2

RURS

where « is the angular diameter of the star. Hence, from measurements of
£, and « it is possible to obtain fundamental values of F;, without reference
to model stellar atmospheres.

From knowledge of F,, one can in principle determine the corresponding
effective temperature T, by use of the relation

[Fdi=0oT?, (8.2)
0

where o is the Stefan-Boltzmann constant. Use of (S.2) requires, of course,
that values of F; be available for all wavelengths A of interest. For stars cooler
than about 9000°K, for which most of the radiation is in the visible part of
the spectrum, this requirement is sufficiently well fulfilled that (S.2) can be
used more-or-less directly. For stars hotter than about 9000°K, however
(which includes most of the stars studied in this investigation), most of the
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radiation from the star is in the ultraviolet part of the spectrum and is
therefore absorbed by the earth’s atmosphere. Empirical values of F, are
accordingly not available for these important shorter wavelengths, and one
cannot use (S.2) directly to obtain values of 7.

For the hotter stars, then, it is necessary to resort to theoretical model
stellar atmospheres in order to establish the T, scale from angular diameter
measurements. Such model atmospheres give values of F, at all 1 as functions
of surface gravity gg and 7, (for given chemical composition). Assuming a
value for g5 and matching observed values of F, with those from the model
atmospheres (presumably at observationally accessible wavelengths), one
can infer from the corresponding model atmosphere the appropriate value
of T,. The matching also gives the associated value of the color index B-V.
Clearly, if the relative energy distribution given by the model atmosphere is
incorrect, then so also will be the inferred value of T,.

The specific model atmospheres used by the authors include the line
blanketed main sequence atmospheres (having log,, g5 (cm/sec?) = 4)
computed by Mihalas (1966) as well as others. Comparison of observed and
computed (from Mihalas’s atmospheres) values of F,,,s, for given B-V,
shows good agreement. This agreement lends some confidence to results
obtained for the hotter stars from model atmospheres.

The resulting effective temperature scale for stars of luminosity classes
V—1V (excluding supergiants), having spectral types in the range B0— G2,
from angular diameter measurements, flux measurements, and model
atmospheres, is given in Table S.1. The uncertainty in the values of 7, given
here is estimated to be probably somewhat less than + 10 per cent.

Table S.1

ScALE OF EFFECTIVE TEMPERATURES FOR LUMINOSITY CLASSES V THROUGH IV FROM
ANGULAR DIAMETER MEASUREMENTS*

BV T,(°K) B-V 7,(°K)
-0.23 26,600: +0.10 9100
—0.22 22,900 +0.15 8650
—0.20 18,600 +0.20 8250
—0.15 14,250 +0.25 7850
—0.10 12,400 +0.30 7500
—0.05 11,150 +0.40 6850

0.00 10,250 +0.50 6325
+0.05 9,600 +0.60 5875

* From Brown, Davis, Allen, and Rome (1967).
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Finally, it should be noted that linear stellar diameters can obviously be
obtained from measured angular diameters if the parallaxes (i.e., distances)
of the stars are known. This is the case for six of the 15 stars investigated, and
these values are given in the author’s paper. For example, the value given for
@ Lyr is R/R, = 3.03, with an uncertainty of about + 7 per cent.

(A comment concerning the possible duplicity of one of the stars measured
by Brown, Davis, Allen, and Rome 1967 is made by Popper 1968.)

A recent paper by Morton and Adams (1968) gives effective temperatures
and bolometric corrections for early type main sequence stars. These results
are based entirely on the most accurate theoretical model stellar atmospheres
currently available. These model atmospheres have spectral types ranging
from O5to F2, and include effects of blanketing by strong ultraviolet and
Balmer absorption lines as well as effects of continuous opacity due to
electron scattering and the bound-free absorptions of H I, H™, He I, and
He II.

The helium/hydrogen abundance ratio for all the models is 0.15 (by
numbers), and the relative abundances of the heavier elements are the same
as those for the solar atmosphere. The models are constructed on the
assumptions of radiative equilibrium and local thermodynamic equilibrium.
The zero-point of the scale of absolute bolometric magnitude (M,,) is
chosen such that the bolometric correction for the sun is B.C. (®) = —0.07.
(This value of B.C. (©),along with the value given by Popper (1959) for the
solar absolute visual magnitude M, (Q®) = 4.84, yields the value 4.77 for
My, (O) givenin (0.9b).) According to the authors, the weakest step in their
procedure is the identification of a model atmosphere with a star of particular
spectral type or color index.

The main results. of this paper are presented in Table S.2.

A recent discussion of bolometric corrections for M-type giants has been
given by Smak (1966a,b). These results are based on six-color photometry on
four M-type giants (including two Mira type variables) at effective wave-
lengths between 4300 A and 10,000 A, carried out during the flight of
Stratoscope II (Woolf, Schwarzschild, and Rose 1964). The bolometric
corrections (B.C.) given by Smak are chosen to have a zero-point such that
B.C. (©)= —0.09 (Stebbins and Kron 1957). They are presented in Table S.3
versus spectral type. According to the author, the main source of uncertainty
in these results arises from errors in the spectral classification.

In a recent paper by Weidmann and Bues (1967) it is suggested that black
bodies, rather than stars, should be used as standards for establishing the
zero-point of the scale of bolometric corrections. This suggestion is motivated
by the fact that the scale of bolometric corrections as used now and in the
past by various authors is not uniquely determined. This non-uniqueness has
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Table S.2

ABSOLUTE VISUAL MAGNITUDES, EFFECTIVE TEMPERATURES, COLORS, AND Boro-
METRIC CORRECTIONS FOR MAIN SEQUENCE STARS*

MK

Spectral M, T,(°K) B-V U-B B.C.
Type
05 - 37,500 —0.32 —-1.15 —3.23
09 - 34,300 - .31 —-1.12 —3.01
09.5 - 32,100 - .30 —-1.10 —2.85
BO —-3.30 30,900 - .30 —1.08 —2.76
Bl -2.31 22,600 - .26 —0.93 —2.00
B2 —-1.90 20,500 - .24 —0.86 -1.77
B3 —1.10 17,900 -~ .20 —-0.71 —1.48
BS —0.38 15,600 -~ .16 —0.56 -1.19
B6 —-0.05 14,600 - .14 —-0.49 —-1.05
B7 +0.30 13,600 - 12 —0.42 —091
B8 +0.72 12,000 - .09 —0.30 —0.69
B9 +1.07 10,700 - .06 -0.19 —0.47
A0 +1.55 9 600 .00 0.00 —-0.17
Al +1.70 9320 + .03 +0.03 —-0.13
A2 +1.83 9070 + .06 +0.06 -0.10
A3 +1.95 8 840 + .09 +0.08 —0.07
AS +2.20 8 500 + .14 +0.11 —-0.04
A7 +2.44 8 200 + .19 +0.11 —0.02
FO +3.00 7 520 + .31 +0.06 0.00
F2 +3.29 7 240 + .36 +0.03 0.00
FS +3.75 6 810 + 43 0.00 0.00
F6 +4.00 6 580 + .47 +0.01 —0.01
F7 +4.26 6370 + .51 +0.03 —-0.02
F8 +4.44 6210 + .54 +0.06 —0.04
GO +4.75 5980 + .59 +0.11 —0.06
Gl +4.87 5 890 + .61 +0.14 —-0.07
G2 +4.99 5 800 + .63 +0.16 —-0.07
Sun +4.84 5800 +0.63 +0.10 —-0.07

* Adapted from Morton and Adams (1968).
Table S.3

BoLoMETRIC CORRECTIONS FOR M GIANTS*
Spectral Type MO M1 M2 M3 M4 M5 M6 M7 M8
B.C.t —1.55 —-19 —-234 —-265 ~29 —-34 —42 -55 -—-175

* From Smak (1966a,b).
1 B.C. (0)=—0.09.
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led to considerable confusion and numerous inconsistencies in the present
and past literature on the subject of bolometric corrections.

The absolute spectral energy distributions in stars have been discussed in
a recent review paper by Oke (1965).

Finally, a photometric method of determination of stellar radii is sug-
gested by Gray (1967). This method requires knowledge of the distance r to
the star, the monochromatic flux f; observed just outside the earth’s atmo-
sphere (from observations), and the absolute monochromatic flux F, at the
stellar surface (from model atmospheres). The stellar radius R is then given
from (S.1) by the relation

R=r/fJF,. (S.3)
The method is applied by the author to the three normal main sequence stars
n Cas (G0), £ Boo A (G8), and 70 Oph A (K0), to yield radii (in solar units)
of, respectively, 1.11, 1.01, and 1.21 (all +7 per cent). Radii of a number of
other stars are also given in the paper.

S.0.2 Empirical Mass-Luminosity Relation

In this subsection we only list a few recent papers bearing on the general
subject of this subsection.

Two review papers have recently been published on mass determinations
of, respectively, eclipsing binary stars (Popper 1967) and visual binary stars
(Eggen 1967). The mass-luminosity and spectrum-luminosity relations for
main sequence visual binaries have been discussed recently by Schoneich
(1967).

S.0.3 Suggested Revision of the Distance Modulus of the Hyades Cluster

It has been suggested by Hodge and Wallerstein (1966) on the basis of a
number of arguments that the distance modulus of the Hyades cluster be
increased by 0™39, which would amount to an increase in the distance of this
important cluster by about 18 per cent. Such an increase, if real, would have
important implications for the distance scale of Population I objects in
general and possibly on the value of the Hubble expansion parameter of the
universe in particular. This suggestion has been discussed by Demarque
(1967b) and by Wallerstein and Hodge (1967). These discussions seem to
imply that the increase in the distance modulus is smaller than the value
suggested by Hodge and Wallerstein (1966), being perhaps 072, which would
correspond to about a 10 per cent increase in the distance.

S.2 Radiation Theory

A paper relevant to the general question of the form of the equation of
transfer when the refractive index is non-unity and frequency dependent has



1218 SUPPLEMENT: SOME RECENT DEVELOPMENTS

been written by Delano (1967). In this paper the author concludes that
Cronyn’s [Cr66] objections to Oster’s [Os63b] transfer equation are invalid,
and that Oster’s transfer equation is in fact consistent with the Second Law
of Thermodynamics. The existence of this controversy implies that the form
of the transfer equation in the presence of dispersion effects is still in an
unsettled state.

A number of recent papers by G.Kalman and collaborators (e.g.,
Kalman 1967a) deal with general questions of the dispersion relations and
related phenomena in plasmas under various conditions.

A theory of radiative transfer within the framework of general relativity
has been developed by Lindquist (1966).

S.6 Solution of the Equation of Transfer

A recent paper on the “‘three-dimensional Eddington approximation”
and on some of its applications has been published by Unno and Spiegel
(1966). This work is discussed and generalized in an illuminating paper by
Wilson (1968).

S.7 Conditions for LTE

An excellent and lucid general discussion of the whole problem of
deviations from LTE in stellar photospheres has been provided by Kalkofen
(1968).

An observational test for departures from LTE in the photospheres of
stars in the spectral range B5 to A0, based on the observed ratio of Paschen to
Balmer discontinuities, has been suggested by Strom and Kalkofen (1967).

S.13 Stability of the Radiative Gradient

The question of the convective stability criterion to be used in the pres-
ence of rotation is discussed in a recent paper by Lebovitz (1967). One of the
conclusions is that the usual Schwarzschild criterion, (13.4) and (13.5), is
still valid. If this criterion is violated, however, convective instability will set
in only for disturbances of sufficiently small horizontal dimensions; in other
words, rotation tends to suppress convective instability for sufficiently large
horizontal disturbances.

A paper establishing the necessity of the Schwarzschild stability criterion,
on the basis of a linear stability analysis, has been published by Lebovitz
(1966).

Some important recent work relating to semiconvection in massive stars
will be described in Sect. S.23.2.
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S.74 Convection Theories

There has been considerable recent work aimed mostly at attempts to
extend the usual mixing length theories of convection (see, e.g., Chap. 14) to
include time dependence. Most of this work has been motivated ultimately
by the desire to have a practical method of dealing with problems in which
the relevant time scale is of the order of or shorter than characteristic con-
vective time scales in stellar convective regions. Such problems are met with
in connection with pulsating stars (see Chap. 27, esp. Sects. 27.6c and 27.7b),
exploding stars, and in other types of stars characterized by short time scales
(e.g., in the helium flash, see Sects. 26.4h and $.26.4).

We are aware of three serious recent attempts to produce theories of
time-dependent convection for use in astrophysics. These are due to Gough
{1967a,b), Unno (1967), and Castor (1968b).* Gough’s theory is based on a
generalization of the Vitense [Vi53] and B6hm-Vitense {B658] mixing length
theory to include effects resulting from an arbitrary variation in time of the
stellar properties in a convective region. The equation of motion of a con-
vective element is derived and, in principle, integrated in time in the presence
of time varying buoyant forces. The results are then used in integral expres-
sions giving the flux of heat and momentum due to convection. These integral
expressions contain integrations over a distribution of sizes of convective
elements, and involve certain assumptions concerning the rates of creation
and destruction of convective elements. Unno’s theory is also based on a
generalization of the mixing length theory, but the basic approach and some
of the basic assumptions differ from those of Gough.

Castor’s theory is based on an application of a Boltzmann transport type
equation to the convective elements, somewhat along the lines indicated by
Spiegel’s [Sp63] formulation. Moments of this equation are then formed, and
the partial differential equations for ensemble averages of certain relevant
convective quantities (root mean square convective velocity and temperature
fluctuation, and root mean product of convective velocity and temperature
fluctuation) are thereby obtained. Castor describes straightforward proce-
dures for the numerical solution of these equations, together with the
dynamical equations of stellar structure, to cases of arbitrary time and space
variations of physical conditions. It should be noted that Castor’s theory
includes not only time dependence, but also allows for arbitrary spatial
variations of physical quantities, such as pressure and temperature, in a con-
vective region on scales which may be small compared with a mixing length

* However, some calculations using a dynamical treatment of convection, based on a
formulation originally due to Cowling (1936), have been described by Fraley (1968), in
connection with supernova explosions in massive stars.
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(something which other convective theories do not take into account). This
theory therefore automatically includes some of the effects of overshoot (see
one of the footnotes in Sect. 14.5) into convectively stable regions.

Some applications of these theories to pulsating star problems will be
mentioned in Sect. 5.27.5.

It has been emphasized by Gough (1967b) and Castor (1968b) that the
convective flux, according to current theories, is actually a flux of enthalpy,
rather than of internal energy, a fact that should have been pointed out
explicitly in Chap. 14. This conclusion may be seen most readily from the
expression (see (14.14) and the accompanying discussion)

F(Ar) = pvcpAr-AVT (S.4)

for the convective flux due to convective elements which travel a distance Ar
before dissolving (the notation here is the same as in Chap. 14). Since

cp=(0h/0T)p , (5.5
where
h=E+Plp (S.6)

is the enthalpy per unit mass, and since Ar - AVT = A T(Ar), the temperature
excess of a convective element after having moved through the distance Ar,
it follows that

F(Ar) = pvcpAT(Ar) = pvAh(Ar), 8.7

where Ah(Ar) is the enthalpy excess per unit mass of the element after having
moved through the distance Ar, Q.E.D.

An attempt to include some of the effects of nuclear energy sources and of
gradients in mean molecular weight into the mixing length theory has been
made by P. Biermann (1967). Some discussion of recent work on semi-
convection in massive stars may be found in Sect. S.23.2.

S.75 lonization of Material in Stellar Interiors

An excellent description has been provided by Mihalas (1967) of efficient
methods for calculating equations of state for arbitrary mixtures of elements,
including ionization and dissociation equilibrium among atoms, ions (both
positive and negative), and molecules. These methods are especially useful in
calculations of properties of low temperature stellar atmospheres and enve-
lopes.

Molecular dissociative equilibria in carbon stars have been discussed in
a paper by Morris and Wyller (1967).
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Fundamental and exhaustive studies of molecular dissociation equilibria
in cool stellar atmospheres have been carried out by Tsuji (1964, 1966). Other
references on this subject may be found in the papers by Tsuji (1966) and
Morris and Wyller (1967). See also Vardya and Kandel (1967); Gingerich,
Latham, Linsky, and Kumar (1967); and some of the papers in Hack ( 1966).

A method for computing equations of state at temperatures 7" for which
the ionization is not necessarily complete (say 7'< ~107-10%°K), based on
the Thomas-Fermi and continuum hydrogenic atomic models, is described by
Vulliet and Smith (1968).

A good review paper in which electrostatic interactions and other effects
in a plasma are discussed has been provided by Cooper (1966). Fundamental
work in this area is at present being pursued by a number of workers, e.g.,
De Witt (1968) and Graboske (1968).

The equilibrium properties of matter at very high temperatures
T(26x10°°K) and densities p(< ~10'*gm/cm?) are discussed by McKee
(1968), in cases of weak interaction equilibrium (i.e., where the material is
sufficiently optically thick to neutrinos that they may interact with the rest
of the matter). Such conditions probably obtain in certain very late stages of
stellar evolution, such as in the pre-supernova state of certain massive stars,
and possibly in very early phases of the universe.

Further references which bear directly or indirectly on the subject matter
of this section may also be found in Sects. S.16, S.20, S.25, and S.26.

S.16 Stellar Opacity

An excellent and detailed review of methods of performing stellar radia-
tive opacity calculations has been provided by Carson, Mayers, and Stibbs
(1968). In this paper a new algorithm, suitable for large-capacity, high-speed
digital computers, is also suggested for the evaluation of stellar radiative
opacities for mixtures of a large number of elements in arbitrary relative
abundances.

A very useful collection of information regarding recent opacity calcu-
lations, workers in the field, etc., has been gathered by Huebner, Generosa,
and Harris (1967).

A critical discussion of the “hydrogenic approximation” frequently used
in the evaluation of atomic energy levels and radiative absorption cross
sections, and its accuracy, has been provided by Carson and Hollingsworth
(1968).

The question of the influence of the autoionization effect (see Sect. 16.8f)
on the ionization equilibrium for several ions has been discussed in a paper

by Bely (1967).
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An error in the formalism concerning the free-free part of the absorption
coefficient in the review paper by A. Cox [Co65], has been pointed out by
Baerentzen (1968). The implications of this error for the numerical values of
the opacities given by A. Cox [Co65] are not yet known, however.

Papers on a numerical determination of the absorption coefficient of the
H~ ion, and on free-free transitions of He™, have been published by,
respectively, Krogdahl and Miller (1968) and John (1967). These ions may
often be important in stellar atmosphere calculations.

Considerable theoretical work has recently been done on transport
coefficients (electrical and thermal conductivities and coefficient of viscosity)
in degenerate stellar matter, of interest in connection with white dwarfs,
neutron stars, and certain other late stages of stellar evolution. Hubbard
(1966) has obtained expressions and some numerical values (both for non-
relativistic electrons) of the three transport coefficients over a region of the
density-temperature (p-7) plane such that 10?° cm™2 < n, (electron
density) <103° cm™3, corresponding to 205 p/u, (gm/cm®) $2x 10° (4, is
defined in Sect. 24.3), and for T sufficiently small that the electrons are
highly degenerate. Hubbard’s results agree to order of magnitude with those
given by the theory of Mestel [Me50] and Lee (1950) (see Sect.16.7).

Non-relativistic calculations of the thermal and electrical conductivities
in a plasma of highly degenerate, weakly coupled electrons and non-degener-
ate, weakly coupled ions, have been carried out by Lampe (1968a,b). Both
electron-electron and electron-ion collisions are taken into account (whereas
the former contribution has not been taken into account in previous calcu-
lations). It is shown that, for T~ 103°K and for 102° cm™3<n,<10%° cm™?
(corresponding to 200 S p/u, (gm/cm?) <2 x 10°), appropriate to certain red
giant stellar cores, the electron-electron collisions reduce the thermal con-
ductivity by 15to 30 per cent below that given only by electron-ion collisions.

Other references bearing directly or indirectly on the subject matter of this
section may also be found in Sects. S.15, 8.20, and S.25.

S.177 Stellar Energy Sources

We first call the reader’s attention to two important recent papers, both
more-or-less of the nature of review papers. The first paper is by Fowler,
Caughlan, and Zimmerman (1967), and is concerned with a general review
of thermonuclear reaction rates. In particular, the available experimental data
(through December, 1966) on cross sections for the nuclear interactions of
neutrons, protons, and alpha particles with a number of light and inter-
mediate-mass nuclei are reviewed, and calculations on the resulting reaction
rates, nuclear lifetimes, and energy generation rates under astrophysical con-
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ditions are presented. Particular attention is devoted to the attempt to extend,
where possible, the calculated reaction rates to temperatures up to some
10'°°K, in view of the current interest in very advanced stages of stellar
evolution and in the early history of the expanding universe (see, e.g.
Wagoner, Fowler, and Hoyle 1967). Consideration is restricted to conditions
of non-degenerate, non-relativistic nuclei, and effects of electron screening
(see, e.g., Sects. 17.15 and S.17.1) are not considered.

The second paper is by Reeves (1966), and it is concerned primarily with
a review of the nuclear physics of neutron emission in stellar interiors, of
particular interest in connection with problems of the synthesis of heavy
elements in stellar interiors (see, e.g., [Bu57] and [Ba65e}).

We summarize some recent work related to thermonuclear reaction rates
and related matters in Sect. S.17.1 and to neutrino processes in stars in
Sect. S.17.2. Some recent work related to the emission and detection of solar
neutrinos is summarized in Sect. S.26.3.

S.17.1 Thermonuclear Reaction Rates and Related Matters

A more recent value of the cross section factor S; 3(0) (extrapolated to
zero relative kinetic energy) for the reaction He?® +He? in the first branch
PP I of the proton chain (see Sects. 17.16 and 17.17b) has been measured by
Winkler and Dwarakanath (1967). Their value is S; 3(0) = (54 1) x 10° Kev-
barn, as compared with the value S; 3(0) = 1.2x 10°> Kev-barn given in
Table 17.6. Hence, this new value causes the numerical value given in
(17.307) for the quantity « to be reduced by the approximate factor 0.24.

A recent measurement of the cross section factor S7 (0) for the reaction
Be’(p,y)B? in the third branch PP III of the proton chain by Parker (1966)
gives S; ,(0) = (0.043+0.004) Kev-barns, as compared with the value
S, 1(0) = (0.0240.01) Kev-barns given in Table 17.6. This new value causes
the numerical value given in (17.309) for the quantity w to be increased by
the approximate factor 2.2. '

The value of the cross section factor S, ,(0) for the important starting
reaction in all three proton chains, H' + H'—H?+ 8" +v, has been recal-
culated by Bahcall and May (1968), using the most recent nuclear data and
theories. The value they obtain is .Sy ,(0) = (3.78 +0.15) x 1072 Kev-barns,
about 11.2 per cent larger than the value S, 1(0) = (3.3630.4) x 19‘22 Kev-
barns given in Table 17.6. This new value will increase the numefxcal value
given in (17.310) by the factor 1.12, and will also alter the nun.lencal val}les
of the quantities « (see (17.307)) and 7 (see (17..298)), for given density,
temperature, and helium/hydrogen abundance ratio.
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Bahcall and May also give the value of the energy derivative, evaluated
at zero relative kinetic energy, of S, ¢, as follows:

1
<——ds"‘> =(11.240.1) Mev ™. (S.8)
S1a1 dE JE=o

They also give expressions for the total rate of energy production by the
proton chains, using their new results.

The effect of a recently discovered level in the nucleus of O'° on the
thermonuclear reaction rate of the important reaction N'#(p,y)O'’ in the
CNO cycle (see Sects. 17.16 and 17.17a) has been discussed by Hensley (1967).
He concludes that no change in the previously calculated rate is necessary.

Fowler, Caughlin, and Zimmerman (1967) give the value 92 Kev for the
energy appearing in (17.317a) for the first step 2He*=Be? in the triple-alpha
reaction, whereas the value appearing in this equation and used in the calcu-
lations in Sect.17.18a is (99 +6) Kev.

The value of the total width of the 7.656 Mev level of C*2 (see Sect. 17.18a)
is given by Fowler, Caughlin, and Zimmerman (1967) as I,z + I, =
2.8x 1072 ev, whereas the value used in the calculations in Sect.17.18a is
Tip+T,=25x10"%ev.

Recent information bearing on the rate of the reaction C*2(«,y)0', which
may follow the triple-alpha reaction (see Sect.17.18b), is discussed by
Stephenson (1966).

The stellar reaction rates of the neutron-producing reactions C!3(a,n) O'°
and Be®(x,n)C'? reactions are discussed by Davids (1968), on the basis of
recent experimental data. Davids also discusses some of the astrophysical
implications of these reactions in connection with nucleosynthesis, in the light
of certain recent results of stellar interior calculations.

Nuclear reaction rates under conditions of such high densities p and low
temperatures 7 that the nuclei form into a rigid lattice (see Sect. S.25.2)
have been studied by Van Horn (1965) (see also Sect. 17.15). A fundamentally
different, and considerably more complicated, approach is needed in this
case than in the “thermonuclear” case considered in Sects. 17.9 through 17.14.
New quantum mechanical methods for dealing with this problem are developed
by Van Horn. These methods are applied by him to two specific nuclear
reactions, H' + H! - H? + 8% + v (see Sect.17.16) and C!2 + C!2 > Mg24*
(see Sect.17.19). His results form a transition from the purely *“‘thermo-
nuclear”” domain through the ‘“‘weak screening” and “strong screening”
domains (see Sect.17.15) through the ‘“finite temperature pycnonuclear”

domain and finally into the ‘“zero temperature” (purely pycnonuclear)
domain.
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Van Horn’s results over the entire p-T range investigated cannot be
described accurately by a single formula (for a given reaction). However,
interpolation formulae for the C**+ C'2—Mg?** reaction have been devised
by Hansen (1968a), which approximate Van Horn's results and Jjoin smoothly
the results of the various domains considered by Van Horn. We present these
formulae below.*

Let
A=1.941 x 107 Tp/3, (5.9)

y=2.61 x 10%p1/2/T (S.10)

(with p in gm/em® and T in °K). Then we have for y>2 (pycnonuclear
domain)

£=2.57x10%2"%exp [—2.64/.7"2]:3,

x{140.1272exp[~0.827y+ 1.21e" 72" '/?Jlerg/gm/sec,  (S.11)
where x,, is the relative mass abundance of C'2. For ;<2 we have

€= fe,, (5.12)
where

go=1.78x 10%"x2, 225% 3 exp (=~ 2.7y /7 7.7 V%) erg/gm/sec (S.13)

is the purely thermonuclear reaction rate (adapted from [Re65]), and f plays
the role of a screening factor in the high temperature limit corresponding to
a strong screening correction; in the low temperature, high density limit f
serves to merge the reaction rate with the pycnonuclear case at y = 2. We

have
f=exp(0.4757 4~ V3)[(1.756 2~ ¥4 exp(—0.0038° 2~ 1/%)),  (S.14)

where
x=738. (S.15)

$.17.2 Neutrino Processes
A good, recent discussion of the ““Urca process” (see, e.g., Sect. 17.20). as

well as of other neutrino-producing reactions in stars, has been provided by
Beaudet, Petrosian, and Salpeter (1967) (referred to in the remainder of this

subsection as “BPS”).
The “photo-neutrino process’ (see, e.g.. Sect. 17.20a) has been thoroughly

discussed in a recent paper by Petrosian, Beaudet. and Salpeter (1967)

* With the kind permission of Dr. C.J. Hansen.
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(referred to in the remainder of this subsection as “PBS”’). We merely quote
below without derivation in (S.16) through (8.24), some of their results for
this process. Four special cases are considered:

(1) The simplest case is one where the electrons are non-degenerate
(“ND”, —n>>1; n = degeneracy parameter; see, e.g., Sect. 3.2 and Chap. 24)
and non-relativistic (“NR”), and no e* pairs (see Sect. 24.9) are present.
(This is the case considered in Sect. 17.20a.) Then we have for the loss rate by
this process

Ofhots V= Qo = 10"2%°T(p/p,) erg/em’[sec, (S.16)

where Ty = T(°K)/10° (T = absolute temperature), p (in gm/cm?) is the mass
density of the stellar material, and g, is the mean molecular weight per free
(ionization) electron (see Sect. 24.3). (For comparison, the value of the
numerical factor given in (17.376) is 107-7.)

(2) Here the electrons are extremely degenerate (“ED”, +#>>1) but NR.
The rate is reduced below that given by (8.16) because some of the “cells”
in phase space for the scattered electron are already filled by other electrons.
We have for the loss rate for this case

QEPNR & 0 Inm O, T, plu. B 3 S
photo = Qo/n= QoTy T304 % 10° erglcm®/sec.  (S.17)

(3) Here the electrons are ED (+#>>1) and extremely relativistic (“ER”).
We have

O~ 1.514 x 10'* T erg/cm?/sec. (S.18)

(4) Here the matter density is so low that e* pairs are very important. The
condition for this is (from PBS) that

plu<2.884 x 10’ B3gm/cm?, (5.19)
where

B=kT/m,c? = T,/5.930 (S.20)

(k = Boltzmann’s constant, m, = electron rest mass, ¢ = velocity of light in
vacuo). For f«1 we have

ny+n, 2n,~n™

Qohoto® Qo * W =0 s (8.21)
€

nm
where
n™=n,—n, (5.22)
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is the number density of “ionization electrons™ (see Sect. 15.1), n, and n,
being the number densities of, respectively, electrons and positrons (the
notation here is the same as in Sect. 24.9). Note that

Conoo ¥ Qo if n,x ™ (S.23a)
n, .
200"~ it n,>nl™, (S.23b)
ne
For f>1 we have
Ophoto 1,477 x 10T (log T, ~0.536) erg/cm/3sec. (S.24)

The general case is given by numerical calculations displayed in Fig. 3 of
PBS and in Figs. 3 and 4 of BPS.

The ““pair neutrino process” (see Sect. 17.20b) has been thoroughly dis-
cussed by BPS. We quote some of their results for five special cases in (5.25)
through (S.32) below.

(1) The simplest case is that in which the electrons are ND (—#>1) and
NR(ff<«1). We have for the loss rate from this process

OBDNR® % 6.27 x 10" Tlexp(~— 11.86/Ty)erg/cm’ [sec. (5.25)

This is the case considered in Sect. 17.20b, and, for comparison, the value of
the numerical factor appearing in the corresponding equation (17.378) was

given as 5 x 108,
(2) Here the electrons are ED(+#>>1) but NR(f <« 1); more specifically,
we must have

l<n<(1/B) (S.26)
for the present case. We have
QEDN® ~7.41 x 102 T3 (p/p,) %
exp[—11.86 Ty ! —ep(kT)™ '] erg/cm®/sec, (S.27)

where & is the electron “Fermi energy” (see, e.g., Sect. 24.1), given in the NR
and ER limits by the relations

€ ol P

m:c2 N (3.425 X 10°> (R (525
¢ plu.  \'?

m,Fcz = <o.974 X 106) (ER), (S.28b)
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where p is in gm/cm?. Note also that

&p eg 1 & 539
kT mye® B me® Ty

(S.29)

(3) In this case the electrons are ED and ER; more specifically, we must
have

53

2
e

>I>f. (S.30)
We have for this case

QEDERD ~7.41 x 101 T3 (ex/m c)?(p/pe)expl — 5.930Ty ' —ep(k T) 1]

erg/cm?/sec. (8.31)
(4) Here the electrons are ND but ER (—#>1,8>1), and we have
ORDER ~6.40 x 107 T3 erg/em?/sec. (5.32)

(5) Here the electrons are ED and ER (+#>>1, >1), and we have
QEDERID 1138 x 10" Tyf(ep/m c?)(p/p)e " Terg/cm®[sec.  (S.33)

Numerical results for the general case are presented in Figs. 3 and 4 of
BPS.

The “plasma neutrino process” (see Sect. 17.20¢) has also been thoroughly
discussed in BPS. More general expressions for the plasma frequency wp are
given there than were presented in Sect.17.20c (¢f. (17.390)). We quote in
(S.34) and (8.35) below some formulae, given by BPS, for the energy loss

rates for the plasma process in two special cases.
(1) hwp/kT<1 (2rh = Planck’s constant):

Qr = 3.36 x 10'°(hwp/mc})°®Ty erg/cm?/sec, (S.34a)
0, = 1.87x 10" °(hwp/m c?)®T, erg/cm?3/sec, (S.34b)
where the subscripts 7 and L stand for, respectively, ‘“‘transverse” and

“longitudinal” plasmons (c¢f. (17.395)).
(2) hawplkT>1:

r = 2.53x 10?%(hwp/kT) -5 T3 %~ **P/*T ergicm3/sec,  (S.35a)

Q1 = 2.72 x 102°%(hpoo/k T) ST e *9P*T erglcm?/sec (S.35b)
(cf. (17.396)).

Numerical results in the general case for the plasma process are also given
in Figs. 3 and 4 of BPS.

Analytic fitting formulae for the total energy loss rate O = Qupoo+
Qpair + Qprasmas accurate to within about 15 per cent, are also given in BPS.
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Simpler fitting formulae for Opair and Qy,0ma, accurate to within about
30 per cent (for the sum Q. + Opiasma) have been provided by Hansen
(1968b). These latter formulae are valid for pltt,=>103gm/cm®, T,> 0.7,
under which conditions Q< Opaic + Qprasma- These fitting formulae are as
follows (from Hansen 1968b).

Opaie = 5.1 0P TJ(1 + T, +0.3T2) exp (— 0.703u Ty 2~ 11.85T;)
erg/em*fsec  (0.7<T,<1) (S.36a)
=4.3x 10"°T exp [~ (1.054u> +3.76)T; *|erg/em?/sec (Ty=1), (S.36b)

where
electron chemical potential (including rest ener
u= - g ) lang (537
m,c
= smaller of [10™%(p/u.)'"?, 6 x 107 %(p/u) Ty . (S.37b)

Qotasma = 3.1 x 1021y F(x) + 7.9 x 10'%)°(e* — 1)~ ! erg/cm?/sec, (5.38)
where

x=3.35% 107 4(p/p) 2Ty {1+ 1.018 x 10~ 4(p/u )" 1/*,  (5.39)

y=0.169x T, (5.40)

and
F(x) =2.4x73 (x<0.2) (S.41a)
=2x"3+0.443x7 327 2(14+0.94x "1 +0.45x"2) (0.25x<1) (S.41b)
= 1.253x732e7*(1+1.88x" 1 4+0.9x™ %) (x=1). (S.41c)

Equation (S.38) includes both transverse and longitudinal plasmons.

A number of other weak interaction processes in highly evolved stars
(more specifically, for T,>1 and p> 10° gm/cm?) are also discussed by
Hansen (1968b).

Finally, we call the reader’s attention to two general references on
“neutrino astrophysics” by Chiu (1964,1966).

S.20 The Outer Stellar Layers

Considerable work is at present being done by various workers in the
general area of low temperature (say < 3500°K) stellar atmospheres, where
effects of molecules may be important (as regards both opacity and equation
of state). We refer in this section only to a selection of some of this work.

Perhaps the most useful recent general reference in this area is Hack
(1966), which contains a number of relevant papers. See also Whitney
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(1967a), which contains a brief sketch of the development of the theory of
stellar atmospheres (not restricted to low temperatures) since 1920 and also a
bibliography of theoretical work on stellar atmospheres carried out at the
Harvard College Observatory and Smithsonian Astrophysical Observatory
(one of the major centers for work on stellar atmospheres) during the decade
1957-1967.

Atmospheric Rosseland mean opacities have been computed by Vardya
(1965a). Pressure dissociation in molecular hydrogen has been discussed by
Vardya (1965b). Absorption due to H™, H3, H, molecular bands, CO, OH,
H,O0, and Rayleigh scattering from H and H, has been discussed by Tsuji
(1966). Absorption due to H,O has been discussed by Vardya (1966a) and
by Auman (1967). The subject of pressure dissociation and high density
adiabats has been considered by Vardya (1966b). The dependence on depth
of molecular abundances in the outer layers of K and M stars has been
computed by Vardya (1966¢). Finally, a discussion of the role of negative
ions in late-type stars has been provided by Vardya (1967).

Some of the problems and difficuities in constructing model atmospheres
for late-type stars have been reviewed by Vardya and Kandel (1967); see also
Gingerich, Latham, Linsky, and Kumar (1967). Various problems relating to
non-gray model atmospheres of solar-type stars have been discussed by
Matsushima (1967a,b). The interpretation of white dwarf spectra and the
mass-radius relation for white dwarfs have been discussed by Matsushima
and Terashita (1968), on the basis of model atmospheres. Some other refer-
ences relevant to the general area of low temperature model stellar atmo-
spheres include the following: atmospheric structure of K-dwarf stars
(Krishna Swami 1968); the electron pressure in the atmospheres of late-
type dwarfs (Kandel 1968); surface boundary condition and equation of state
for low mass stars (Grossman 1968); model atmospheres for cool stars
(Hershey, Berg, and Kumar 1968, and Carbon, Gingerich, and Latham 1968);
model atmospheres of red dwarfs (Auman 1968); model atmospheres of M
dwarf stars (Tsuji 1968); and boundary conditions and late-type stars
(Vardya 1968).

A second edition of tables of convective stellar envelope models has been
provided by Baker and Temesvary (1966).

For other recent references relevant to the area covered in this section,
see Sects. S.15, S.16, S.23, and S.25.

S.21 Construction of Stellar Models

New and powerful methods of solving the time dependent, partial
differential equations of stellar structure, for both ‘“hydrostatics” and
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“hydrodynamics,” are currently being developed at a rapid rate by a large
number of workers. As most of this work is widely scattered throughout the
current astrophysical literature, any attempt to compilea list of relevant papers
would seem almost hopeless. Most of these methods, at least for the stellar
interior, are essentially variations of the “hydrodynamic”- and “Henyey”-like
methods outlined in Sect. 21.7. (However, use of such methods has recently
begun to invade even the area of the stellar atmosphere; see Mihalas and
Auer (1968).)

Fortunately, a collection of review papers summarizing some of these
methods, both for stellar atmospheres and interiors, has recently been
published (Alder, Fernbach, and Rotenberg 1967). This very useful work
contains papers on the calculation of model stellar atmospheres (by D.
Mihalas); computational methods for non-LTE line-transfer problems (by
D.G. Hummer and G. Rybicki); methods for calculating stellar evolution
(by R. Kippenhahn, A. Weigert, and E. Hofmeister) ; computational methods
in stellar pulsation (by R.F. Christy); and stellar dynamics and gravitational
collapse (by M.M. May and R. H. White). See also Henyey and Levee (1965).

An implicit method for performing hydrodynamical calculations has
been described by Bodenheimer (1968b).

Most of the important mathematical background underlying many of
these methods may be found, e.g., in Richtmyer and Morton (1967).

S.23 Stellar Models

We consider only two major topics in this section. In Sect. S.23.1 we first
summarize the results of some recent theoretical calculations of the minimum
effective temperatures of stars in hydrostatic equilibrium, and then consider
briefly some recent inferences, based on observations, bearing on the apparent
dilemma posed by the recently discovered cool “infrared stars.” In Sect.
S.23.2 we review some of the recent work on semiconvection.

S.23.1 Minimum Effective Temperatures of Stars and “‘Infrared Stars”

In a paper by Auman and Bodenheimer (1967) the effect of water vapor
absorption and of variations in the parameters of the mixing length theory of
convection on the minimum effective temperatures (7,) of late-type stars is
examined. (See Sect. 23.5 for a discussion of the reasons for the existence of a
minimum T, for stars in hydrostatic equilibrium.) It is found that for a choice
of the convective parameters appropriate to main sequence stars, the mini-
mum effective temperature turns out to be 3200°K. Adjustment of the con-
vective parameters within reasonable limits in the direction of reduced
convective efficiency, and inclusion of water vapor opacity, can result in
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minimum values of 7, as low as 2600°K. In general, the authors find that
the minimum value of 7, is more sensitive to the values of the convective
parameters than to the inclusion of water vapor opacity.

Somewhat similar minimum effective temperatures have been calculated
by Kamijo (1968a).

We consider now what appears to be the present status of opinion on the
very cool “infrared stars” recently discovered by Neugebauer, Martz, and
Leighton [Ne65] and others (see Sects. 23.5b and 26.1b). These objects, if
stars, appear at first sight to have values of T, considerably lower than the
theoretical minimum values for stars (see preceding two paragraphs); such
low values of 7, if real, would seem to constitute a serious contradiction with
present stellar structure theory. Numerous recent observations of these and
related kinds of objects have been obtained and/or discussed by Donn,
Stecker, Wickramasinghe, and Williams (1966); Ulrich, Neugebauer,
McCammon, Leighton, Hughes and Becklin (1966); Pesch (1967a,b); Wing,
Spinrad, and Kuhi (1967); Maffei (1967); Becklin and Neugebauer (1967);
McCammon, Miinch, and Neugebauer (1967); Forbes (1967); Wisniewski,
Wing, Spinrad, and Johnson (1967); Zappala (1967); and Appenzeller and
O’Dell (1967).

The present status of thinking on these objects has been reviewed and
summarized by Johnson (1967). According to Johnson, most (if not all) of
these “infrared stars™ are evidently ordinary late type stars of known types
(such as cool Mira variables) which are so highly reddened by interstellar
dust clouds that they appear on the basis of their observed continuous
spectral energy distribution to be “infrared stars” of spuriously low 7,. The
dust clouds evidently produce a very large amount of attenuation of starlight
in the visible portion of the spectrum, but only a very small amount in the
infrared. The spectral energy distribution therefore appears to have its
maximum in the far infrared, so that the continuous spectrum roughly
mimics that of a black body having a very low temperature (in some cases
less than 1000 °K). If this interpretation is correct, then a significant conflict
with theory may not exist after all.

Johnson (1967) also concludes that there may be some evidence, based
on the observations of these ‘“‘infrared stars,” of cool, circumstellar clouds
surrounding certain very young stars (such as T Tauri stars). These clouds
radiate strongly in the infrared, and may be planetary systems in an early
stage of formation, not yet condensed into planet-like bodies.

S.23.2 Semiconvection

Semiconvection and semiconvective zones in massive stars (say 2 10M)
were discussed briefly in Sect. 23.6a, and some results for massive stellar
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models, both with and without semiconvective zones, were presented in
Sect. 26.4. Because the structure of massive stellar models turns out to be
rather sensitive to the existence or lack thereof of semiconvective zones (see
Sect. S5.26.4), and because there has recently been some confusion in the
literature about the proper way to treat such zones, we shall in this sub-
section briefly review some of the recent developments in this area.

We assume throughout the discussion that there are no effective nuclear
energy sources in the regions of interest.

As was pointed out in Sect. 23.6a, the relevant condition on the temper-
ature (7') gradient in a semiconvective region was given by Schwarzschild
and Harm [Sc58¢] as

V=V, =Vy=({-1I, (S.42)

i.e., neutral stability against convection (the notation here is the same as in
the main body of the text; see, e.g., Chaps.13, 14, and 23). The chemical
composition was supposed to adjust by slow, convective-like motions until
(5.42) was satisfied everywhere in the semiconvective region. Thus, in this
region the material is essentially in radiative equilibrium, with the slow,
convective-like motions carrying only a negligible fraction of the total flux.

It was, however, pointed out by Sakashita and Hayashi (1958) that the
correct criterion for stability against convection in a medium with a spatially
varying mean molecular weight u is not

Vr<vad (843)
but, rather,
Yo dlnu
Vg~ — s (5.44)
Vi<V~ T p

where P is the total pressure and the other symbols are defined in Sect. 13.3,
where a derivation of (S.44) is given. For an equation of state of the form

1
P=?/7T+—0T4 (8.45)
u 3

(all symbols have their usual meaning), (S.44) becomes (see Sect. 13.3)

_p dlns (.46
, 46)
Vo<Vt TTpam e

where f is the ratio of gas to total (gas plus radiation) pressure.
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Sakashita and Hayashi (1958) accordingly argued that the proper con-
dition that should obtain in a semiconvective region is not (5.42) but, instead,

f dinyu
4-38dIn P’

Vr = 'Vad +

(S.47)

It was, however, soon pointed out by Sakashita and Hayashi (1961) that
satisfaction of (S.47) immediately outside of a convective core in a massive
star would imply a discontinuity in V, at the core boundary. The reason for
the discontinuity is that, within the convective core, where u is spatially cons-
tant, neutral stability will have been reached when V, has decreased (pro-
ceeding outward) to the value V® = V,, (superscripts i and 0 denote values
immediately inside and outside, respectively, of the boundary of the con-
vective core). On the other hand, continuity of V, at the core boundary
requires that

f dlnpu
4-38d In P’

VO =V® =V, ,<V,+ (5.48)
where the inequality applies if d In g/d In P> 0 (the usual situation encoun-
tered in stellar evolution). Hence, according to (S.46), the material just out-
side of the core boundary must be stable against convection, and hence in
radiative equilibrium, with
vov<y, P dlnx (S.49)
4-38dIn P
where V is the actual logarithmic temperature gradient (with respect to In P).
Sakashita and Hayashi (1961) accordingly suggested that the inter-
mediate region of continuously varying ¢ should consist of two parts: (a) An
inner, radiative region lying just outside of the convective core; this region is
convectively stable in the sense of (S.46). (b) A semi-convective region, lying
immediately outside of region a, in which the material is neutrally stable
against convection, i.e., in which

B dlnyu
4-38dIn P’

V=V =V, + (S.50)

The actual gradient V presumably increases continuously from its value
(S.48) at the inner boundary of region a (because the outward decreasein u,
i.e., the outward increase in X (fractional mass abundance of hydrogen), and
hence in opacity «, tends to make V, larger than the value, V,,, which V, had
just inside the edge of the convective core) to the value (S.50) at the outer
boundary of region a. Throughout region b slow, convective-like motions
adjust the composition so that (S.50) is satisfied everywhere in this region b.
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A number of massive star models have since been constructed on the basis of
Sakashita and Hayashi’s (1961) prescription (see, e.g., Stothers 1966a and
references contained therein, and Sect. S.26.4).

A recent paper by Kato (1966) appears to have shed considerable light on
the whole matter of semiconvection, and implies considerable modifications
in Sakashita and Hayashi’s (1961) prescription. Kato’s main conclusion is
that the correct criterion for stability against convective mixing when
dIn g/d In P>0 is not (S.46) but, rather, the tighter condition (S.43).

Kato (1966) reaches his conclusions by means of a linear stability analysis.
In the remainder of this subsection we shall attempt to describe Kato’s
arguments only in a simplified, mostly qualitative way, so that the important
physical ideas may be elucidated.

If (5.43) is satisfied, then the looser condition (5.46) is automatically
satisfied, and the material is then stable both against ordinary convection and
also against “slow” convective mixing, on all relevant time scales (still
assuming that d In g/d In P > 0). In this case a small mass element which has
been displaced adiabatically inward, say, by a small amount from its equi-
librium position (where the buoyancy and gravitational forces balance) will
not only be less dense than its surroundings (hence it will experience a net
outward restoring force, see Fig.13.1), but also will be hotrer than its
surroundings. This latter conclusion follows from (S.43) and from our
assumption that the initial displacement of the element was carried out
adiabatically (see also Fig.13.2). Hence, assuming that there are no nuclear
energy sources in the element, it can subsequently only Jose heat to its
surroundings by radiation (and/or conduction, in general). These heat losses
will tend to decrease the temperature T;,, of the element, and hence also the
temperature excess, 5aY (Ti, — Tuurroundings)> ©f the element over its sur-
roundings. Because pressure equilibrium between the element and its
surroundings is always assumed (see Chaps. 13 and 14), it follows that, since
Py = Prrroundings € (PT)sm» this loss of heat will tend to increase the density
psm Of the element, thus decreasing the density defect |psm— Pourroundings|
between the element and its surroundings. This decrease in [p,,—
ps“mmdingsl then decreases the outward buoyant force on the element, and
hence the net outward restoring force. The net result is that the heat losses
incurred by the element during its inward swing, and the heat gains during
its ensuing outward swing (by an exactly analogous argument), will both act
to damp the resulting oscillatory motion of the element, and it will eventually
come to rest. We accordingly have stability against both ordinary convection

and slow convective mixing.
Consider now the situation which obtains in both of Sakashita and

Hayashi’s (1961) regions a and b:
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V.>V,. (S.52)

In this case satisfaction of (S.51) is sufficient to insure that the density of an
element displaced adiabatically inward, say, from its equilibrium position
will be less dense than its surroundings (see preceding paragraph and Chap.
13), and hence that a net outward restoring force will exist which will tend to
return the element to its initial position. Satisfaction of (S.52), however, now
requires that the element be cooler (rather than hotter) than its surroundings
(see Fig.13.3 and recall that we assumed the initial displacement of the
element to be carried out adiabatically). Hence, assuming again that there are
no effective nuclear energy sources in the element (this assumption may not be
necessary for this part of the argument), it is clear that the element will now
subsequently tend to gain heat from its surroundings by radiation. This gain
of heat will tend to increase T, ; the increase in Ty, will result in a decrease in
Psm> because of the assumption of pressure equilibrium. The density defect
|Psm = Peusroundings| DEtween the element and its surroundings will accordingly
be increased, thus resulting in an increase in the net outward restoring force
on the element over and above the value it would have in the case of adiabatic
motion. Similarly, on the ensuing outward swing the Joss of heat from the
element will result in an increase in the net inward restoring force over the
value it would have in the case of adiabatic motion. The net effect of the
gains and losses of heat on the motion of the element in the present case is
thus seen to be a tendency for the velocity of the element to increase on both
the inward and outward swings. Since frictional (viscous) forces are probably
of only minor importance because of the large sizes of the convective
elements under consideration (see Kato 1966), it is seen that in the present
case the oscillatory motion which results when an element is perturbed by an
arbitrarily small amount from its equilibrium position will increase secularly
in amplitude. Such a growing oscillatory motion is referred to by Kato (1966)
as “overstable convection.”

These overstable oscillations will presumably grow until considerable
mixing has occurred, provided that the growth time (i.e., the e-folding time)
for the overstable convection is several times smaller than the relevant
evolutionary time scale.

These growth times for overstable convection are computed by Kato for
some representative massive stellar models, and are found to be much shorter
than the relevant evolutionary time scales. Indeed, very generally these
growth times for overstable convection ought to be, in the deep stellar
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interior, very roughly of the order of a Kelvin time (¢f. the order-of-magni-
tude relations presented near the end of Sect.14.6), and should accordingly
be considerably less than the evolutionary times in the relevant stages. Thus,
over the time scales of interest, overstable convection in the regions @ and b
ought to be quite effective in producing an appreciable alteration in the
spatial variation of chemical composition in these regions.

Kato (1966) concludes that this overstable convection might be expected
to result in a distribution of the chemical composition in the regions a and &
such that, throughout both regions, we will have

V=V, =V,, (S.53)

which is the condition originally suggested by Schwarzschild and Hirm
[Sc58¢] for a semiconvective region.

Kato (1966) shows, moreover, that the motion of a convective element is
always unstable if d In u/d In P < O (i.e., the imaginary part of the complex
oscillation frequency is of such a sign as to yield a positive exponential time
dependence for the oscillation amplitude). One example of this case would be
what we referred to in Sect. 13.3 as “‘quasi-convection.”

S.24 Semi-Degenerate Equations of State

A thorough discussion of the ideal, partially relativistic, partially degener-
ate Fermi gas and some of its thermodynamic and other properties, over
the whole density-temperature plain, has been provided by Guess (1966).

In a series of papers by Canuto and Chiu (1968 a,b,c) and Chiu and
Canuto (1968) the quantum theory and some of its consequences for the
thermodynamic and other properties of a relativistic electron gas in magnetic
fields of arbitrarily great strength are examined. Quantum effects become
important in an electron gas when the magnetic field strength H exceeds a

critical value
3
H = ﬁi;_ = 4.414 x 10'3 gauss (5.54)
e

(m,, c, e, and 27h denote, respectively, electron rest mass, velocity of light in
vacuo, electronic charge, and Planck’s constant). This critical value is the
field strength at which the electron gyro radius is of the order of magnitude
of the electron de Broglie wavelength. According to Chiu and Canuto (1968),
such intense magnetic fields may be present in gravitationally collapsed
bodies (see, e.g., Sects. 26.5 and S.26.5).

An approximate method for evaluating the equation of state of an ideal,
partially degenerate, arbitrarily relativistic electron gas due to Divine [Di65a]
has been extended to the case where electron-positron pairs in equilibrium
with the radiation field are present, by Herz and Hansen (1968).
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Another approximate method for the numerical evaluation of the equa-
tion of state for a partially degenerate, arbitrarily relativistic Fermi gas
(without pairs) has been described by Kippenhahn and Thomas (1964).

Finally, some interesting remarks on the values of the adiabatic exponents
in an electron-ion plasma in which the electrons are highly degenerate may
be found in Sect. S.25.2.

S.25 Theory of the White Dwarf Stars

Over the past few years a large number of papers dealing with various
aspects of white dwarf stars and their relation to other types of astronomical
objects have been written, representing some highly significant advances in
our knowledge of these objects. Most of these papers are concerned with
theoretical matters, but considerable advancements in certain observational
aspects of the problem have also been made. We cannot possibly do justice
to this large amount of work in this brief survey. Nevertheless, we shall
attempt in this section at least to give mention to some of these recent devel-
opments.

In Sect. S.25.1 we give references to some papers bearing largely on
observational aspects of white dwarf stars. In Sect. $.25.2 we summarize
some of the highly significant work dealing with internal temperatures,
crystallization, and cooling times of white dwarfs. In Sect. S.25.3 we attempt
to summarize some of the large amount of work dealing with various types
of secular instabilities in white dwarf and other kinds of stars. In Sect. S.25.4
we review some very interesting work on rotation of white dwarf stars. In
Sect. S.25.5 we summarize some work bearing on the possibility of white
dwarf supernovae. Finally, in Sect. §.25.6 we refer to some relevant miscel-
laneous work.

S.25.1 Observational Aspects

We consider first the present status concerning the “pygmy stars” or
“blue ultradwarfs” whose existenice as a new class of stellar object has been
proposed by Zwicky (1963a,b,1965,1966). Pygmy stars, according to Zwicky,
are characterized by very blue colors, extreme intrinsic faintness (some 5
magnitudes fainter than white dwarfs), and large proper motions. Their low
luminosities and biue colors imply very large mean densities (say = 10°—
101! gm/cm?®) considerably larger than is considered likely for white dwarfs,
but yet too small for neutron stars, for which p2 10'3-10'% gm/cm? (see,
e.g., Sect. 26.5a).

Eggen and Sandage (1967a), however, point out on the basis of new
observations of the colors of several suspected pygmy stars that their
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blueness had been overestimated by Zwicky. Eggen and Sandage (1967a)
conclude that the smaller blueness which they found removes the photo-
metric, spectroscopic, and kinematic evidence on which the existence of
pygmy stars had been based.

This paper by Eggen and Sandage initiated a controversy which was
pursued in two subsequent papers (Zwicky 1967 and Eggen and Sandage
1967b). Evidently, the observational status of the pygmy stars is still some-
what unsettled.

The Einstein redshift in white dwarfs is discussed by Greenstein and
Trimble (1967) on the basis of a large amount of recent observational material.

An observational study of the luminosity function and space density of
white dwarfs has been carried out by Weidemann (1967). He reaches a
number of interesting conclusions, on the basis of a comparison of the
observational material with recent theoretical work on white dwarfs. We note
here only two of his conclusions: (1) The space density of white dwarfs in the
solar neighborhood is considerably larger than previous estimates had
indicated; Weidemann estimates on the basis of his analysis that perhaps
some 25 to 50 per cent of the total stellar mass in the solar neighborhood may
be bound up in white dwarfs (¢f. the estimates cited in Sec. 25.7). (2) Weide-
mann finds no evidence, on the basis of his discussion of the [uminosity
function of white dwarfs and of a comparison with nuclei of planetary
nebulae, for the existence of a “gap” in the range O<log (L/Lg)< +2(L =
luminosity). The supposed existence of such a gap has recently been cited as
furnishing observational evidence for the existence of significant neutrino
energy losses in certain kinds of stars by, e.g., Chin, Chiu, and Stothers (1966)
and Stothers (1966b) (see Sects. 25.3b and 25.6a).

A number of observational papers relevant to white dwarfs by various
authors were recently presented at the International Symposium on Low
Luminosity Stars, Charlottesville, Va., 1968 (see some of the references given
in Sect. 8.20, particularly Matsushima and Terashita 1968, and in Sect.
S.25.2).

S.25.2 Crystallization, Cooling Times, and Related Matters

We devote most of this subsection to a brief review of some recent work
on the “cooling theory” of white dwarfs (see, e.g., Sect.25.3) and the
associated “cooling times.”” The “‘crystallization” of white dwarfs plays an
important role in the time scale for the cooling of a white dwarf toward its
zero-temperature, “‘black” dwarf state. Near the end we mention some
interesting work bearing on the internal temperatures of white dwarfs and
comment on the behavior of the adiabatic exponents in a highly degenerate
electron gas with ions present.
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It was shown in Sect. 25.3 that, when the ions in a white dwarf of non-
zero temperature (7) behave as a perfect gas, the change AE in the total
energy of a white dwarf caused by radiation during its cooling is equal to the
change AU, in the total ion thermal kinetic energy in the star. In an important
paper Mestel and Ruderman (1967) show that the above statement is also
valid, to first order, when U, includes not only translational kinetic energy of
thermal motions ((3/2) kT per ion, where k =Boltzmann’s constant), but also
energy of Coulomb interactions among the ions, lattice vibrations of ions
(if present), ion heat of fusion, etc. Hence, the total luminosity of a cooling
white dwarf can still be equated to the total rate of decrease of the ion internal
energy, even when these additional forms of energy are present.

The possibility of the ions in a white dwarf condensing into a crystalline
lattice (see, e.g., Sects.15.5b and 25.3a), and the resulting effects on the
cooling of white dwarfs, have been discussed in an important paper by Van
Horn (1968a). He begins by obtaining the condition for condensation of the
ions into a crystalline lattice, and presents arguments that crystallization will
have occurred for values of a parameter, I', greater than some critical value,
I, = 50-60 (uncertain by a factor of ~2), where I' is defined as

I'=lecoul/kT. (S.55)

Here ¢, is the average Coulomb interaction energy per ion.

An estimate for the value of |8C°“|| can be obtained from the following
considerations. We saw in Chap. 24 that under typical white dwarf conditions
the average interionic spacing is ~1072 times the Thomas-Fermi “‘atom
radius” (~the Bohr radius or some small muitiple thereof). Under these
conditions the electron gas may be expected to be essentially uniform, for
the same reason that the charge density in an ordinary low density, high
temperature plasma is nearly uniform if the average interionic separation is
much less than rp, the Debye radius (see Sect.17.15). (Under nearly zero-
temperature conditions the Thomas-Fermi “‘atom radius” plays a role very
analogous to ry, in a hot plasma.) Hence, one can adopt as a simple and
sufficiently accurate model one in which each positive ion of average charge
(+Ze) is surrounded by a uniform sphere of total negative charge (— Ze)
(this is the so-called “Wigner-Seitz™ sphere) whose radius is ry, the mean
interionic separation, defined by

4
3Fo=nt=MNopl )71, (S.56)

where n;, Ny, A, and p are, respectively, ion number density, Avogadro’s
number, mean ion atomic mass (in atomic mass units), and mass density.
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With this model we obtain (neglecting the small effects of neighboring
Wigner-Seitz spheres)
9 Z2%¢? Z3¢?

— s e [ e
~

T - (S.57)

€conl =

(see Sect. 15.5b), where we henceforth approximate with Van Horn (1968a)
ecom by the last equality in (S.57). (Note that |ec,u| ~ 30 Kev and I'~40, for
p = 10° gmjcm® and T = 107 °K for a composition of pure C'2.)

Using (S.56), (8.57), (S.55), and adopting the value I;, = 50, Van Horn
(1968a) obtains the following expression for the “crystallization temper-
ature,” T, for given p, Z, and A:

27 1/3 p 1/3
T, =3Ix10°{ =) Z°3{—j °K, S.
csmao (5] 2 ()

where here and henceforth in this subsection p is in gm/cm® and T is in °K.
For T>T, the ions presumably form a liquid or gas, whereas for T<T,
they form a crystalline solid. Hence, as a white dwarf star cools at nearly
constant p, crystallization should eventually occur, starting at the stellar
center and working its way outward (the crystallization will begin at the
center if the star is nearly isothermal; see Sect. 25.3c).

To determine the effect of the crystallization on the thermal properties of
the star, it is necessary to know the specific heat of the material in the liquid
and solid states. (Recall that the specific heat per electron vanishes as 70
under conditions of large degeneracy (see Chap. 24); hence the electronic
contribution to the specific heat is negligible in most cases of interest for
cooling white dwarfs; according to Vila 1968, the electron specific heat will be
greater than the ion specific heat only for T2 8x 107°K for pure O*¢, and
for T22x 107°K for pure Fe’®.) For relatively high T’s one can use the
“Einstein” theory of solids, for low T’s the “Debye theory” (see, e.g.,
Landau and Lifshitz [Las8, Sects. 61 and 62] or Tolman [To38, Sect.137]}).
An important parameter in this context is the “‘zero-point” energy, say &, ,.»
per ion in its lattice cell.

The value of ¢, , can be calculated to adequate accuracy by first com-
puting the classical angular frequency of simple harmonic oscillation of the
ion about the center of its Wigner-Seitz sphere, and then noting that the
corresponding quantum mechanical zero point energy of the oscillator is
(1/2)hw (2nh = Planck’s constant). The energy spacing between successive
higher vibrational quantum states is then hw. One should note that each of
these vibrational states is three-fold degenerate because of the three degrees

of freedom of a three-dimensional oscillator.
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We now define a critical temperature, say 77, corresponding to iw/kT=1,

and obtain
2z 12
T, =2.17x10° (7) <Tf)—6) K. (S.59)

(We note that the “Debye temperature” (see, e.g., Tolman [To38, Sect. 137])
= 0.775Tp.)

The significance of Ty, is the following: For T>> T, (hw/k T<<1), the higher
vibrational levels of the oscillator are excited, and the energy of the oscillator
is purely classical, with energy (1/2)kT per quadratic degree of freedom per
oscillator (see Sect. 10.6). Because of the three-fold degeneracy of the three-
dimensional oscillators, it follows that the lattice vibrational energy per
oscillator is

g=3T (T>Ty, (S.60)

and the specific heat per oscillator is
oy, =3k (T>Tp), (5.61)

rather than the value (3/2)k appropriate to a simple, monatomic, perfect gas.
For T« T, the ions have only their zero-point energy plus the “phonon”
(quantized sound wave) energy of the vibrations of the lattice as a whole
(which varies as T*; see, e.g., Landau and Lifshitz [La58, Sect. 61]). Hence
we have

oy, <3k (T«Ty), (5.62)

so that ¢, ; becomes very small for 7« Ty,.

Van Horn (1968a) argues that, even for a considerable range of temper-
atures above T, (when the ions may form a liquid), ¢, ; will probably still be
closer to 3k than to (3/2)k, because of the existence of long-range correlations
among the ions in the liquid state.

Van Horn also argues that the crystallization of white dwarfs is probably
a “first order” phase transition (which is the kind of phase transition
undergone by all ordinary materials). If this is the case, then crystallization
will be accompanied by the release of a certain latent heat of fusion, whose
value per ion, £, Van Horn estimates to be

£~kT,, (S.63)

with an uncertainty of probably less than a factor of 2. This latent heat of
fusion can thus be comparable to the total ion thermal energy in the star.
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Consider now the ratio 7T,/7, ; we obtain

TD 22 2/3 p 1/6
7—:=5.87(7> 25/3(W;) . (S.64)

In order that crystallization can take place at some temperature, we must
have T,,/T, <1; this condition yields an upper limit on p in order for
ctystallization to be possible:

p<25(4/2Z)*Z'°~25Z° (S.65)

for A~ 2Z. For Z = 2(He), we have p<2.6 x 10* gm/em?®; for Z = 6 (C!?),
p<1.5x10° gm/cm>. The value p = 1.5 x 10° gm/cm® for the central density
of a zero-temperature Chandrasekhar white dwarf model corresponds to a
total mass M only very slightly smaller than the limiting mass M5 (see
Sect. 25.1). We conclude that we are likely to have T, < T, (and therefore
the possibility of crystallization) at essentially all densities for M < M, for
Z=6. A situation where p is so large that T;, > T, would be one for which
crystallization could not take place at any temperature; the material would
presumably behave as a high-density quantum liquid. Physically, the zero-
point energy of an ion its lattice cell (if there were lattice cells!) in this
case would be so large that the lattice structure would dissolve, even at zero
temperature. (Note that, for pure hydrogen, we have T, < T, only for
p<1.6 gm/cm?; hence low mass (<50.08 M) hydrogen white dwarfs (see,
e.g., Sects. 25.3a, 25.4, 26.2¢, and 26.3) could probably never crystallize.)

Van Horn (1968a) then examines the effects of crystallization on the
cooling of white dwarfs. He writes for the luminosity L of the star

avu,
I S.66
P (5.66)

d (3AMT
- g(22xs S.67
(fD+f*)dz( y ) (5.67)

where 2 is the gas constant per mole, and

{5.68)

M
;dM, dM, /M
fD+f*sjf3i’,—;—' = +p*(r>[— e ]
]

takes account of variations in ¢, ; (first term on right side) and of the latent
heat of fusion (second term). In (S.68) p, (T)is the density in the star out to
which the “crystallization front™ has progressed, and the quantity in square
brackets is evaluated at the mass level M, corresponding to p,(T) from the
Chandrasekhar zero-temperature white dwarf models.
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Van Horn presents detailed calculations of the quantities fj, and f as
functions of L for various masses M, all for a composition of pure C'2. For
given M and composition, fp+fx = 1 for L greater than some value which
corresponds to the beginning of crystallization at the stellar center. As L
decreases below this critical value, fp+f; rises rapidly to a maximum value
of ~ (1.4-1.5), corresponding to somewhat less than 25 per cent of the total
stellar mass having crystallized, and then decreases slowly as the “crystalli-
zation front” advances outward. For log (L/Lg) < —3.5, (fp+/4)<0.75 and,
for still lower values of L, (fp+f«) becomes still smaller. The ultimate
decrease of (fp +/%) with decreasing L is presumably a result of a greater and
greater fraction of the stellar mass acquiring temperatures T< T}, and hence
acquiring values of ¢y ;<3k.

Van Horn (1968a) also computes “‘crystallization sequences,” as follows:
As the internal temperature of a white dwarf of given mass and composition
decreases, the center of the star will eventually begin to crystallize. Now, the
internal density varies by a factor of only ~3—4 between the center and the
“half-mass” point (where M,/M =0.5 and p = p,,,, say). Since T oc p*/?
(see (S.58)), then the total drop in T over the inner, crystallized half of the
stellar mass is by a factor of only ~1.5. Hence, roughly speaking, the
crystallization may be said to occur throughout most of the stellar mass ata
fairly definite temperature, say T, , the value of T, correspondingto p=p,,
(a function only of M and composition). One thus obtains an expression for
T,y as a function only of M and composition (which is the same as (5.58)
with p = py5).

Because of the release of the large amount of latent heat (corresponding
to fx>1), the cooling of the star is slowed down considerably when T
decreases to T, Hence, there should be relatively large numbers of white
dwarfs “stuck™ on their crystallization sequences. Roughly, the release of the
latent heat, and the associated crystallization sequences, is somewhat
analogous to the release of nuclear energy on the ordinary H-burning main
sequence for non-degenerate stars. Given an expression for L as a function
of M, T (internal, nearly constant, temperature), and composition (see, e.g.,
(25.126)), it is then possible to plot these crystallization sequences on the
H-R diagram, as is done by Van Horn. He argues that there may be some
observational support for the existence of such crystallization sequences.

After most of the stellar mass has cooled down to T< T, ¢y ; decreases
rapidly toward zero, and we then expect a subsequent fairly rapid cooling to
the “black dwarf” state.

Detailed cooling white dwarf models, with crystallization taken into
account, have been computed by Vila (1968), for masses MMy = 0.2, 0.4,
0.6, and 1.0. His models take into account pressure corrections arising from
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the lattice structure, as well as effects of variation of the specific heat (using
the Einstein theory), but not the release of the latent heat of fusion. For
log (L/Ly) 2 —4, he finds cooling times that are about twice those computed
using the value ¢, ; = (3/2)k (see Table 25.3); for log (L/Lo)S —4, the
cooling times are very short (because of the small values of ¢y ;), and one thus
expects a “‘zone of avoidance” for these very faint white dwarfs. Vila suggests
that there may be some observational evidence for the existence of such a
zone of avoidance. He also discusses the effects (which turn out to be rather
small) of the formation of a lattice on the stellar structure.

Cooling times for white dwarfs have also been discussed by Baglin
(1967b).

Some of the thermodynamic and transport properties of crystal lattices in
white dwarfs are discussed by Van Horn (1968b). He points out, for example,
that the viscosity, once a crystalline solid has been formed, will be some
(107-10'1) times the value appropriate for a normal liquid. Thus, the
viscosity (see, e.g., Sect. 27.6d) v of a crystalline solid ought to be some
(10*°-10*) poise or larger (for comparison, v for glass at 575°Cis ~ 1 x 103
poise). The presence of a lattice structore may accordingly have far-reaching
implications in regard to the rotation and vibration, e.g., of cool white
dwarfs (see Sects. 25.3d, S.25.4, 27.6d, and S.27.2).

Some earlier calculations by Vila (1966,1967) on evolving pre-white dwarf
models of masses (0.2-1.2) M, yield some interesting results concerning the
maximum possible central temperature, T n» of a star with M < M (see, e.g.,
Sect. 25.3a), both with and without neutrino energy losses (see, e.g., Sects.
17.20 and S.17.2). The effect of neutrino losses is to decrease T, ,, and to
increase the rate of evolution for T, near 7, for M/M 2>0.6; a negligible
effect is found for M/M,<0.4. Forall M’s, he finds that energy losses from
neutrinos can be neglected when L<107%Le.

Detailed convective envelope models for cool white dwarfs (effective
temperatures T,~ 5000°K, surface gravities ~10® cm/sec?) have recently
been computed by Bohm (1968). His models have a chemical composition of
mostly He, a small amount of H, and a trace of heavier elements. The ratio of
mixing length to pressure scale height is taken to be unity. Pressure ionization
is taken into account in an approximate way. He finds temperatures T of
about 1 x 10°°K at the bottom of the convective envelope, close to the region
of high degeneracy. These calculations suggest that the internal temperatures
of cool white dwarfs with convective envelopes are comparable to those of
hot white dwarfs with radiative envelopes (see Sect. 25.3c).

Finally, we comment on the values of the adiabatic exponents (see
Sects. 9.14-9.18) in the case of a plasma consisting of a mixture of highly
degenerate electrons and non-degenerate, non-relativistic ions obeying a
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simple, perfect, monatomic gas equation of state. (The values given in Chap.
24 pertain only to the electron component of the plasma, without consider-
ation for the effects of the ions.) Under conditions of large electron degener-
acy (T—0) the values of the adiabatic exponents under the assumed conditions
are Iy = I, = I3 = (5/3), y (ratio of specific heats) = 1 when the electron gas
is non-relativistic (NR), and I, = (4/3), I, =2, I3 = (5/3), and y = 1 when
the electron gas is extremely relativistic (ER). The rather surprising values
(particularly of I3) in the second (ER) case was first (to the best of our
knowledge) pointed out by Kippenhahn, Thomas, and Weigert (1965), and
was also commented on in a paper by Hubbard (1968) in connection with con-
vection in degenerate stars. The result is an effect of the ions (see also
Hansen and Wheeler (1968)).

These values may be readily obtained if we start with the definition of Iy
and recall a general thermodynamic identity established in Sect. 9.14c:

Iy—1=(dln T/d1n p), = (@P/Ow),, (S.69)

where T, p, P, and u are, respectively, temperature, density, total pressure,
and internal energy per unit volume. Separating P and u into their ionic (i)
and electronic (¢) components, we may write (S.69) as

_(0R/0T),+(0P,[OT),
" (Qu0T), +(u,/T),”

Noting that (0P,/0T),—0 and (0u,/0T),—0as T—0 (see Chap. 24), we see
that, as T—-0, I';—1 approaches the value for the ionic component alone,
which is (2/3) for perfect gas behavior, in both the NR and ER limits. The
values of I, may be obtained from the identity

Iy = Yo+ (3= Dy, (8.7)
where the symbols are defined in Sect. 9.14. Noting that y,—x, ., xr—0 as
T—-0,we see that I'1 - I} ,, which is (5/3) in the NR case and (4/3) in the ER

case. The above values of I, then follow from those for I and I'; by use of
the identity (see Sect. 9.14)

Y — (S.70)

FZ_I_I-‘3_1
L, on

(S.72)

Finaily, the above values of y then follow from the identity (see Sect. 9.14)
y=I/x,. (S.73)

S.25.3 Secular Stability and Related Matters

In this subsection we shall first give some references bearing on secular
instability in thin nuclear-burning shell sources. We shall then mention some
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work bearing on more general aspects of secular stability (see, e.g., Sect.25.5
for some background information). Finally, we present a simplified picture
of the cause of secular instability in thin nuclear-burning shell sources.
References to other papers bearing directly or indirectly on the subject matter
of this subsection may also be found in Sects. S.25.5, S.26.4, and S.27.2.

The finding by Schwarzschild and Hiarm [Sc65a] of secular instability in
thin helium-burning shell sources in non-degenerate material has since been
followed up by many calculations and discussions of this and similar kinds of
thin nuclear-burning shell source secular instabilities and some of their con-
sequences, by numerous workers.

We merely list here some of the relevant papers, along with titles (in most
cases):

Weigert [We65];

Weigert (1966) (“Stellar Evolution V1. Evolution with Neutrino Losses
and Thermal Pulses of the Helium-Shell Source for a Star of 5 Solar
Masses™);

Rose [Ro66a];

Rose (1966) (“Relaxation Oscillations in Helium Shell-Burning Stars of
Low Mass and Evolution Into the White-Dwarf State™);

Rose (19672) (““A Model for the Common Nova Outburst”);

Rose (1967b) (“Pulsational Instability in Helium Shell-Burning Stars”);

Rose (1968) (““A Model for the Nova Outburst”);

Hashi (1968) (“Thermal Instability in 2 Nuclear Burning Shell of Stars”);

Kippenhahn, Kohl, and Weigert (1967) (“Evolution in Close Double Star
Systems. II. The Origin of White Dwarfs Through Mass Exchange”);

Giannone and Weigert (1967) (*“Evolution in Close Double Star Systems,
I1I. The Onset of Hydrogen burning near the Surface of a White Dwarf
of Increasing Mass™);

Schwarzschild and Harm (1967b) (“‘Hydrogen Mixing by Helium-Shell
Flashes™).

Of particular interest is the attempt of Rose (1968) to construct a model
for novae, based on thermal and pulsational instabilities in the hydrogen-
burning shell source of a hydrogen-exhausted member of a close binary
accreting mass from its companion.

Some papers bearing on more general aspects of secular stability are the
following (see also some of the papers concerning the helium flash, referred
to in Sect. S.26.4):

Rekavy and Shaviv (1968) (“Nuclear Burning Instability and the Limi-

tation of ‘Thermal Runaways’”’);

Kippenhahn, R. (1967) (“The Secular Stability Behavior of Chemicaily
Inhomogeneous Zones in Stars™);
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Gabriel and Ledoux (1967) (“On the Secular Stability of Models with
Isothermal Cores™);

Gabriel and Noels-Grétsch (1968) (“The Secular Stability of Pure Carbon
Stars”);

Baglin (1967a) (“The Characteristic Time for the Establishment of
Thermal Equilibrium in Degenerate Material™).

Of particular interest are the papers of Gabriel and Ledoux (1967) and
Gabriel and Noels-Grotsch (1968). In these papers the problem of secular
stability has for the first time (to the best of our knowledge) been solved by
means of a proper linear stability analysis of the (hydrostatic equilibrium)
stellar structure equations for the whole star. The secular stability is deter-
mined in this procedure from the sign of the eigenvalue of the linearized
differential equations (of the fourth order in space; see Sect. 27.2) for purely
radial perturbations (with negligible acceleration) of the star model about a
thermal equilibrium state. Eigenvalues and eigensolutions are obtained for
two sets of stellar models, one set consisting of models with isothermal cores
(Gabriel and Ledoux 1967), the other of models of pure carbon stars (Gabriel
and Noels-Grotsch 1968).

One of the interesting conclusions reached in the second of these two
papers concerns stars having masses M < M; (the Chandrasekhar limiting
mass, see Sect. 25.1), for which two distinct solutions (at least) of the equi-
librium equations of stellar structure exist for each M, and therefore for
which the Vogt-Russell “‘theorem” fails (see Sects.18.1 and 25.3a). The
findings of the authors suggest that, of the two mathematically possible
solutions for given M and chemical composition, the one characterized by
the larger mean density is secularly unstable. (Some speculations were
presented in Sect. 25.3a which pointed to a similar conclusion.)

In view of the large amount of somewhat scattered literature now existing
on the secular instability of thin nuclear-burning shell sources in non-
degenerate material, we present in the remainder of this subsection a simple
picture which may elucidate the essential reason underlying this instability.

We imagine a “thought experiment” in which we abruptly “turn on” a
nuclear energy source at time ¢ = 0 in a star in hydrostatic equilibrium com-
posed of material obeying a simple, monatomic, perfect gas equation of state
Iy =I,=1Iy=(53), x, = xr = 1, i.e., PocpT; here P, p, and T are total
pressure, density, and temperature, respectively, and the other symbols are
defined in Sect. 9.14). We do this in two cases: (1) an extended, central energy
source, and (2) a thin, shell energy source. This ““turning on” of the nuclear
source may be regarded as an initial perturbation, and we then examine the
consequences of the perturbation to determine whether or not secular
instability exists. Of course, we assume that all changes take place so slowly
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that the star never departs appreciably from hydrostatic equilibrium (see
Sect. 25.5).

Consider first the extended, central energy source. Here, because the
energy source is distributed over an extended volume, all mass elements in
that volume will be gaining heat at 1 =0, i.e., dg/dt>0, where dg/dr is the
net rate of gain of heat per unit mass. We may then expect the whole energy
producing region to respond to the turning on of the energy source more-or-
less in unison, i.e., to respond approximately homologously. If this is so, then
P and p should obey the approximate relation

Pocp*3 (5.74)
(see Chap. 22). On the other hand, from the equation of state we have
PxcpT. (5.75)
Combining (S.74) and (8.75), we obtain
or Tocp!/? (S.76a)
g lgt Tz —lj 9_la_nt£ (central source), (8.76b)

where the time derivatives are Stokes derivatives, taken following a given
mass shell.

Consider now the thin shell source. Here we have at ¢ = 0, dg/dt>0 only
within the (small) volume of the shell source itself, provided that the shell is
thick enough so that any gains of heat do not diffuse out too quickly by
radiation to surrounding regions. While the volume of the shell source itself
may change appreciably, the only effect on the regions above the shell source
will be a very small lifting, which will be essentially negligible if the shell is
sufficiently thin. According to detailed calculations, the material below a
nuclear-burning shell source behaves more-or-less as a rigid sphere; see, e.g.,
Giannone and Weigert (1967). Hence, the pressure P at the shell source,
being proportional to the weight of the overlying layers under conditions of
hydrostatic equilibrium, will be largely unaffected by the turning on of the
energy source; i.e., we expect that in this case

P~const. (5.77)

Combining (S.77) with (S.75), we obtain now

Tx(1/p) (5.78a)
or

(thin shell source). (5.78b)

alnT~ Olnp
ot t
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To determine the consequences of (S.76b) and (S.78b), we consider the
first law of thermodynamics, which we write in the form (see, e.g., (27.18))

0lnT 20lmp 1 dg

= _—, (S.79)
ot 3 o cyT dt

appropriate for I'; = (5/3), where ¢y is the specific heat per unit mass at
constant volume.

For the extended, central source, we substitute (S.76b) into (S.79), to
obtain

o1 1 d
P 3o ate=o, (S.80)
ot ey T dt
and, from (S.76b),
olnT 101 1d
el UL (7 ST S Y I(s.81)
or 3 o oy T dt

Hence, for a central source the turning on of the energy source results in an
expansion and cooling of the material in the energy source. If dg/d? is an
increasing function of T (as is usually the case with nuclear energy sources,
see Chap.17), then the cooling will tend to decrease dg/d¢, and the source
will eventually be “turned down”. (If dg/d¢ is also an increasing function of p,
then the expansion will still further reduce dg/ds.) We clearly have secular
stability in this case.

For the thin shell source, we must substitute (S.78b) into (8.79), and we
obtain

~—:—<0 atr=o, (S.82)

and hence, from (S.78b),

olnT E)lnp~+3 | dq>0 10 5.83)
or ot 5¢,Tdt ar=s. '

Now, the turning on of the energy source results in an expansion and heating
of the material in the shell source. If dg/d¢ increases sufficiently strongly with
increasing T (i.e., sufficiently temperature sensitive energy source), then
dg/dt will become more and more positive with time. (Note that in this case
the rate of expansion, for given dg/dt, etc., is smaller than in the case of the
central source.) We will then have a “thermal runaway,” i.e., secular insta-
bility. The runaway will presumably continue until the volume of the shell
source has become large enough for the pressure therein to begin to decrease



S.25.4 SUPPLEMENT: SOME RECENT DEVELOPMENTS 1251

appreciably with the expansion. Thereafter secular stability will eventually
ensue, whereupon the whole cycle might be repeated a number of times, as
detailed calculations (see above references) have shown is actually the case.
This simple picture demonstrates the fact that it is the strongly non-
homologous nature of the motion of the matter in a thin nuclear-burning shell
source which is the essential cause of this kind of secular instability.

S.25.4 Rotating White Dwarfs

In recent studies of differentially rotating, zero-temperature configu-
rations by Ostriker and collaborators (Ostriker, Bodenheimer, and Lynden-
Bell 1966; Ostriker and Mark 1968 ; Ostriker and Bodenheimer 1968 ; further
references to papers on rotating stars may be found in these papers and in
Sects. S.26.3, S.26.6, and S.27.5) it has been shown that a limiting mass does
not exist at all. Given the total angular momentum J of the configuration,
and specifying essentially arbitrarily the distribution with interior mass of the
angular momentum per unit mass, an equilibrium, zero-temperature con-
figuration can be found for essentially any mass M, having a corresponding
non-zero equatorial radius R, .* Actual models are constructed in the third of
the aforementioned papers.

Most of the essential qualitative features of these models may be under-
stood by noting that, as long as differential rotation is permitted (even rather
modest differential effects will do), the rotational kinetic energy J,,, need no
longer necessarily be small compared with the gravitational potential energy
|2] (as is the case with the solid-body rotation considered in Sect. 25.3d and
in the references quoted there), and considerable departures from spherical
symmetry are possible. (The massive central regions do not need to rotate
very rapidly to give the star a considerable rotational kinetic energy.) Also,
J does not now vanish as M— M, as is the case with rigidly rotating white
dwarfs constrained to rotate in such a way that the equatorial centrifugal
force is always less than or equal to the equatorial gravitational acceleration
(see Sect. 25.3d). With a non-negligible 7, (or J), one now obtains an
M-R,-J relation for zero-temperature, differentially rotating configurations
(in place of an M-R relation for non-rotating or rigidly rotating configu-
rations). This relation gives finite values of R, for essentially any reasonable
combination of M and J, and no limiting mass exists.

* It is shown in a fundamental paper by Goldreich and Schubert (1967) that a necessary
condition for stability in differentially rotating stars is that the angular momentum per unit
mass cannot decrease outward.
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S.25.5 White Dwarf Supernovae and Related Matters

The possibility that Type I supernovae may result from massive white
dwarfs (with very large internal densities and masses only slightly less than
the Chandrasekhar limiting mass M;) by implosion (presumably followed
by explosion resulting from the detonation of a suitable, sufficiently abundant
nuclear fuel) has been suggested by Finzi and Wolf (1967a). The implosion is
caused by inverse f-decays (electron captures) by the nuclei under the pre-
vailing high-density conditions (see, e.g., Sects. 25.3a and 26.5). These inverse
B-decays proceed slowly over a very long time (perhaps of the order of the age
of the Galaxy), gradually removing electrons and causing the average mean
molecular weight per free electron (see Sect. 24.3) j, for the whole star to
increase slowly. When fi, is sufficiently large that the limiting mass M, =
const.[i% (see (25.42)) is smaller than the actual total mass M (assumed to
remain constant), thestar is then dynamically unstable, whereupon it suddenly
collapses catastrophically (see, e.g., Sect. 26.5b).

An actual, imploding white dwarf model of this kind, composed of
90 per cent C*2 and 10 per cent Mg2# (by mass), has recently been calculated
in an exploratory investigation by Hansen and Wheeler (1968). Subsequent
to the implosion, the model exploded violently as a result of energy
released by the detonation of the carbon-burning reaction (C!2+ C!?) (see
Sect.17.19). The whole model was dispersed to infinity (with positive
total energy) after the explosion. The energetics, expansion velocities, etc.,
are, according to Hansen and Wheeler, consistent to order of magnitude
with empirical values for Type I supernovae. Actually, the idea that some
white dwarfs could explode into supernovae is not new; cf., e.g., Hoyle and
Fowler [Ho60] and Zel’dovich and Novikov [Ze64].

It is argued by Baglin (1968) that a dynamical instability arising from
general relativistic effects (see, e.g., Baglin 1966) is likely to set in at densities
less than those required for significant electron captures by nuclei. She there-
fore argues that the collapse of a massive white dwarf would be caused by the
general relativistic instability and not by electron captures. Her conclusion,
however, does not appear to be borne out by the calculations of Faulkner and
Gribbin (1968).

The exact physical cause of the collapse of a massive white dwarf is
evidently still a somewhat controversial matter,

The propagation of shock waves in degenerate matter, relevant in con-
nection with dynamically collapsing white dwarf stars, has been discussed by
Baglin (1967a); see also some remarks in Hansen and Wheeler (1968).

The question of the dynamical instability of white dwarf stars falls within
the scope of the fundamental study of the normal modes of radial pulsation
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of dense, zero-temperature stellar objects (including neutron stars, see
Sect. 26.5) by Meltzer and Thorne (1966) (see also the related paper by
Bardeen, Thorne, and Meltzer 1966).

8.25.6 Some Miscellaneous Papers

Two papers on mass loss and the formation of white dwarfs are by
Savedoff (1966) and Woolf (1966).

A discussion has been provided by Kumar (1967) of planet-like objects
outside the solar system and low mass, low luminosity white dwarfs (having
M<0.08M, so that they never become hot enough to burn hydrogen; see
Sects. 25.3a, 25.4, 26.2¢c, and 26.3).

S.26 Stellar Evolution

The number of papers which have appeared in the past two or three
years on various aspects of stellar evolution is truly staggering. Consequently,
if we are to give a reasonably wide and representative coverage of recent
results in this brief survey, we can scarcely more than list some of these
papers, with only a minimum of expository material.

We have grouped these papers into six broad, somewhat overlapping
categories. The first (Sect. S.26.1) is concerned mostly with observational
aspects; the second (Sect. $.26.2) with “pre-main sequence” phases; the
third (Sect. 26.3) with “main sequence” phases; the fourth (Sect. 26.4) with
“post-main sequence and red giant” phases; the fifth (Sect. 26.5) with “final
stages,” supernavae, etc. ; and the sixth (Sect. 26.6) with miscellaneous topics
which do not fit very obviously into any definite one or the other of the
foregoing five categories. (The terminology used here regarding the various
phases of evolution follows closely that used in Chap. 26.)

We note three general papers, all more-or-less of the nature of review
papers, which deal with rather general aspects of stellar evolution. These are
by Iben (1967a) (“Stellar Evolution Within and Off the Main Sequence”),
Iben (1967b) (“‘Stellar Evolution: Comparison of Theory with Observation™),
and Salpeter (1967) (“Stellar Structure Leading Up to White Dwarfs and
Neutron Stars”). The paper by Salpeter is especially recommended, because of
the deep physical insight which pervades the entire paper and of the concise
connections of astrophysical quantities with various combinations of
physical constants which continually appear.

S.26.1 Observational Aspects

Some papers dealing with the general problems of the abundances of the
light elements (Li, Be, B) in stars (see Sect. 26.1b) and some astrophysical

implications are the following:
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Wallerstein (1966) (““Observations of the Lithium Content of Stars in
Visual Binary Systems”);

Spinrad and Vardya (1966) (“Approximate Abundances of the Light
Elements from the Molecular Spectra of M and S Stars’”);

Danziger and Conti (1966) (“Lithium Observations in the Pleides and in
F Stars in the Field”);

Conti and Danziger (1966) (‘“‘The Abundance of Lithium and Beryllium

in Some F Dwarfs and K Giants”);

Merchant (1967) (“The Abundance of Lithium in Early M-Type Stars™);

Conti (1968b) (“The Li/Be Ratio in Main-Sequence Stars”);

Conti (1968a) (“‘Lithium Destruction and Rotational Braking”);

Audouze, Gradsztajn, and Reeves (1967) (“The Energetics of Lithium

and Beryllium Formation in Stellar Surfaces”);

Reeves (1967) (“‘Astrophysical Implications of the Stellar Abundances of

Li, Be, B”);

Bernas, Gradsztajn, Reeves, Yiou, and Schatzman (1967) (“The Nucleo-

synthesis of Li, Be, B and the Formation of the Solar System’’).
Some papers dealing primarily with the problem of the He abundance in
Population Il systems (referred to briefly in Sects. 26.0, 26.4h, and 27.8) are the
following:
Tayler (1967) (““The Helium Problem”);
Sargent and Searle (1966) (“‘Spectroscopic Evidence on the Helium
Abundance of Stars in the Galactic Halo™);

Sargent and Strittmatter (1966) (‘““The Intrinsic Rotation of the Orion B
Stars with Weak Helium Lines™);

Greenstein and Miinch (1966) (“The Weakness of Helium Lines in
Globular Cluster and Halo B Stars™);

Sargent and Searle (1967) (‘“The Interpretation of the Helium Weakness

in Halo Stars™);

Cayrel (1968) (‘“The Location of a Few Subdwarfs in the Theoretical

H-R Diagram and the Helium Content of Population 1I"*).

It may be remarked that the paper by Tayler (1967)is a good review, with
many references, of the general helium abundance problem in Population II
systems,

Some papers concerned with the general problem of cluster ages and
related matters are the following:

Schild (1967) (““Ages and Structures of Stars in the A and y Persei

Association™);
King (1968) (‘“The Probable Ages of the Oldest Open Clusters”);
Williams (1967a) (“Pre-Main Sequence Stars”);
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Simoda and Iben (1968) (“Heavy-Element Abundances and the Inter-
pretation of Globular Cluster Characteristics”).
Two papers dealing with the abundances of H and He in Population I
systems are the following:
Percy and Demarque (1967) (“The Hydrogen and Helium Content of
Extreme Population I Objects”);
Morton (1968) (“The Abundance of Helium in A- and B-Type :Stars”).
A new determination of the luminosity function has been made by Luyten
(1968). See also some of the references cited in Sect. S.0.

8.26.2 Pre-Main Sequence Phases

We first note three general, comprehensive papers, somewhat of the
nature of review papers, on general problems of star formation and related
matters. These are by Mestel ([Me65c] and 1965) (“Problems of Star
Formation-I and 1I"°), Spitzer (1968) (*‘Dynamics of Interstellar Matter and
the Formation of Stars”), and Upton (1968) (“Primordial Stellar Evolution™).

Some papers dealing with problems of the condensation of interstellar
matter into protostars and related matters are the following:

Arny (1966) (“A Simple Method of Studying Fragmentation in Astro-

physical Systems™);

Arny (1967) (“Thermal Instabilities and the Formation of Low-Mass

Condensations”);
Davidson and Harwit (1967) (“Infrared and Radio Appearance of Cocoon

Stars™);
Kleinman and Low (1967) (“Discovery of an Infrared Nebula in Orion”).
Nakano (1967) (‘“‘Fragmentation of a Cloud and the Mass Function of
Stars in Globular Clusters™);
Kikuchi (1967) (“‘On the Condensation of Interstellar Gas. V. Structural
Changes in a Contracting HI Cloud™);
Nishida (1968) (““On Thermal and Dynamical Properties of Protostars”).
In the last of the above papers (Nishida 1968) it is concluded that if the
density of a gas cloud of one solar mass exceeds 3 x 10™'® gm/cm?, then the
cloud will contract to become a star (this critical density corresponds to

point P in Fig. 26.4).
The dynamical collapse of protostars into star-like objects has been cal-

culated in the following papers.
Nakano, Ohyama, and Hayashi (1968) (“Rapid Contraction of a Proto-
star to the Stage of Quasi-Hydrostatic Equilibrium, I: The Case of
One Solar Mass Without Radiation Flow”);
Bodenheimer (1968a) (“Theoretical Models of a Low-Mass Protostar’’);
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