CHAPTER 27

Pulsating Stars

In this chapter we consider pulsating stars, i.e., stars which execute cyclic or
periodic oscillations on a “short” time scale of the order of the “free-fall”
time scale #; (Sect. 27.1) about an equilibrium state. (This equilibrium state,
on which the oscillations are regarded as superposed, is generally assumed, as
it will be throughout this chapter, to be one of complete—hydrostatic and
thermal—equilibrium; ¢f. Chap.18 and Sect. 27.2.) In this chapter we shall
consider only stars which are executing purely radial, spherically symmetric
oscillations, even though other kinds of oscillations are conceivable (see,
e.g., Ledouxand Walraven [Le58, Sects. 73—81]) and probably occur in some
types of real intrinsic variable stars.* Other assumptions which will be made
throughout this chapter are stated at the beginning of Sect. 27.2.

The theoretical study of pulsating stars may be conceptually divided into
two general categories of approach, which we shall refer to for brevity as
“the linear theory” and ‘“‘the non-linear theory.” In the linear theory the
amplitude of the oscillations is assumed to be infinitely small (in a mathe-
matical sense), so that a linearization of the basic equations may be carried
out (see Sect. 27.2). In the non-linear theory the oscillation amplitude may be
of any size whatsoever. Up until the past few years, most theoretical work on
pulsating stars has been based on the linear theory, because of its mathemati-
cal tractability. This theory should provide an adequate description of a
pulsating star provided that the pulsation amplitude is sufficiently small
(however, in real stars “sufficiently small” may mean so small as to be
practically unobservable, ¢f. Sect. 27.7b).

Most of the work in this chapter (Sects. 27.3 through 27.7) will be based
on the linear theory, and we shall follow closely a recent review paper on this
theory by J. Cox [Co66g]. This theory is sufficiently simple to be more-or-less

* By intrinsic variable stars we mean stars which owe their variability to causes within
themselves. We do not consider in this chapter variables whose variability is caused by a
geometric effect (as, for example, in eclipsing binaries) or by some external agency (inter-

action with interstellar matter, for example).
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1030 APPLICATIONS TO STARS

understandable in physical terms (see, e.g., Sect. 27.4). Moreover, the question
of the pulsational stability of a star against infinitely small oscillations can in a
number of important cases be answered with this theory (cf. Sects. 27.4-
27.7). It is generally believed that the pulsations of at least some kinds of real
stars owe their origin to such an instability against small oscillations. If a star
or stellar model is found to be unstable against very small oscillations, then
the oscillations will grow in amplitude until nonlinear processes limit the
amplitude to some finite value (see Sect. 27.8) or until the system disrupts.
Such “self-excited” oscillations which have arisen from an instability against
infinitesimal oscillations are often called “soft” (¢f. Ledoux and Walraven
[Le58, p. 550]), and the system is said to be pulsationally unstable, or over-
stable in Eddington’s terminology. A pulsationally unstable system may be
expected to begin pulsating essentially spontaneously since small pertur-
bations are always present. Oscillations whose amplitude can grow only after
a finite perturbation has been applied to the system are often called “‘hard”
self-excited oscillations. As has been emphasized by Ledoux and Whitney
[Le61a], the possibility should not be excluded that some kinds of stellar
oscillations may be examples of hard self-excited oscillations. We do not,
however, discuss this possibility further in this chapter.

Recent work based on the non-linear theory has almost universally been
based on direct numerical intergration of the full non-linear, time dependent
equations of hydrodynamics and heat flow, using methods essentially
similar to those outlined in Sect. 21.7. This kind of calculation is possible
only because of the existence of fast electronic computers. Note that the
question of pulsational instability in stars can also be answered by use of
these ‘“‘non-linear” techniques (¢f. Cox, Cox, Olsen, King, and Eilers
[Co66h]). Some of these recent results will be summarized in Sect. 27.8. Earlier
methods of approaching the non-linear problem are summarized in Ledoux
and Walraven [Le58] and in Rosseland [Ro49).

In Sect. 27.1 we discuss rough time scales for pulsating stars and briefly
review some of the observational data relevant to pulsating stars. In Sect.
27.2 we summarize the relevant general equations for spherically symmetric
radial motion, state the important assumptions that will be made throughout
this chapter, and linearize the general equations. In Sect. 27.3 we discuss the
idealized but very instructive and useful case of linear, adiabatic radial
oscillations. In Sect. 27.4 we discuss, mostly from a physical standpoint, the
problems of linear, non-adiabatic radial oscillations and pulsational stability,
while in Sect. 27.5 we treat the problems discussed in Sect. 27.4 mostly
from a formal standpoint. In Sect. 27.6 we undertake a general disussion of
factors which may affect the pulsational stability of a star and in Sect. 27.7
we discuss recent theories, based on “envelope ionization” mechanisms, of
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the cause of pulsational instability in stars and some of the relations of these
theories to observed properties of pulsating stars. Finally, in Sect. 27.8 we
summarize some of the recent results of non-linear calculations of stellar
pulsations.

Recent reviews, both observational and theoretical, of general problems
of pulsating stars include Eddington [Ed26, Chap. 8]; Rosseland [Ro49];
Ledoux and Walraven [Le58]; Payne-Gaposhkin [Pa51,54]; Ledoux and
Whitney [Le61a]; Thomas [Th6l, especially pp. 1311f]; Ledoux [Le 63,65a];
Kukarkin and Paranago [Ku63]; Kraft [Kr63]; Payne-Gaposhkin and
Gaposhkin [Pa63]; Feast [Fe63]; Zhevakin [Zh63]; Preston [Pr64]; J. Cox
[Co66g] and other papers in Thomas [Th67]; and Christy [Ch66b]. See also
the proceedings of the 1965 Bamberg 1.A.U. symposium, “The Position of
Variable Stars in the Hertzsprung-Russell Diagram.”

27.1 Time Scales for Pulsating Stars and Brief
Survey of Observational Data

In this section we consider, first, the orders of magnitude of some of the
relevant time scales associated with pulsating stars. Next (and finally), we
very briefly review some of the relevant observational data for pulsating stars.

The most useful of the time scales referred to in the preceding paragraph
is the pulsation period I7 of, say, the fundamental mode of purely radial
oscillations. It can be shown that stellar pulsations can be regarded, approxi-
mately, as a kind of “long-wave” acoustics (wavelength of the “sound wave”
of the order of or larger than the dimensions of the system). It follows, then,
that the pulsation period 7 of a star ought to be of the order of the time
required for a sound wave to propagate through the diameter of the star:

n~2R, (27.1)

where R is the average or equilibrium stellar radius and o is some appropri-
ately defined mean, over the whole star in its equilibrium state, of the La-
placian (adiabatic) sound velocity

vs=)/T,Plp (21.2)

(see (14.29) and the accompanying footnote). Here P and p denote, respec-
tively, total pressure and mass density, and I'; =(dIn P/dIn p),4is the appropri-
ate adiabatic exponent (Sect. 9.14). A general, approximate expression for &g
can be derived from the virial theorem (cf. Sect. 17.2), assuming that the star
is oscillating about a state of hydrostatic equilibrium, by applying the virial
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theorem to this equilibrium state. For a self-gravitating system in hydro-
static equilibrium which possesses no mass motions (turbulence, rotation,
pulsation, for example) and no magnetic fields and for which the pressure
vanishes on the surface, the virial theorem may be written in the form

_Q=3JPdV_ J_ _3J5_d < >M

2

~3% T, M (27.3)
where €2 is the gravitational potential energy of the system (see Sect. 17.1).
The intergrals are carried out over the entire mass M and angular brackets
mean a mass average. For a spherically symmetric star of mass M and radius
R, we may write 2 = —gGM?/R, where G is the constant of gravitation and ¢
is a numerical factor of order unity whose value increases as the mass
concentration of the star increases (g = 0.6 for a homogeneous, or constant-
density, star; g~ 1.5 for main sequence type stars; and ¢ =3/(5—n) for a
polytropic star of index »; see Sect.17.1 and (23.50a)).

Using (27.3) in (27.1), we obtain

l/Z(MRZ)IIZ
naa) g~ -2 @74
where
I={r*dm (27.5)
M

is the moment of inertia of the star about its center. Equation (27.4) shows
that stellar pulsations are analogous to the oscillations of other, more familiar,
mechanical systems. It also shows that, for given M and R, IT decreases as
I.QI increases, i.e., a highly centrally concentrated star of given M and R will
have a shorter pulsation period than will a less centrally concentrated star,
other things being equal. Writing M = (4/3)nR>p, where j is the mean density
of the star, we have from (27.4)

I~2//4/3)zGp (27.6)

if /3/(T\g)~1, or II,/p = constant, which is the famous period-mean
density relation which appears to be satisfied for most types of pulsating
stars. We may also write (27.6) as

OV plpe=0~2/V(43)rGpy~0%4, (27.7)

which defines the pulsation “constant” Q, where po, = 1.41 gm/cm? is the
mean density of the sun. (A more careful derivation of (27.4) and (27.6) in
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Sect. 27.3 shows that there is actually an additional factor of (3, —4) /2 on
the right sides of these equations. This factor arises in part from the spherical
symmetry of the star which has not been fully taken into account in our
order-of-magnitude derivation.)

The numerical value of Q given in (27.7) is only approximate. Accurate
calculations (cf. Sect. 27.3) show that Q varies between about 0903 and
0912 for I~ (5/3), depending on the stellar model. Empirical values of Q lie,
generally, in the range 0%03.< Q <0908, in reasonable agreement with the
theoretical values.

Mean densities of known kinds of stars fall approximately in the range

1092 5/py 2 107° (27.8)

(¢f. Chap. 0) where the upper limit applies to moderately dense white dwarfs
and the lower limit to very tenuous red supergiants. Using these values in
(27.7), we find that the fundamental pulsation periods of known kinds of
stars should fall in the range

3 sec < 1751000 days, (27.9)

which nicely spans the range of periods observed for most types of cyclic or
periodic intrinsic variables (see Table 27.1 below). This result gives good
general support for the pulsation theory of variable stars. There are other
stronger and more specific arguments in favor of the pulsation theory, whose
consideration, however, 1s outside the scope of this chapter.

It may be noted that I7T is of the order of the “free-fall’”” time scale #; (c/.
Chaps. 0 and 1; also Sect. 26.2b), which is the time scale associated with
dynamical collapse or with the orbital motion of a satellite circling the parent
body very close to its surface. These three time scales (pulsation, dynamical
collapse, and orbital) are all of the same order of magnitude because the
respective associated characteristic velocities, all being connected to the
gravitational potential energy via the virial theorem, are also all of the same
order of magnitude. We also note, finally, that the assumption of simple,
radial pulsations will certainly not explain the observed behavior of all types
of cyclic or periodic intrinsic variable stars.

Two other stellar time scales, possibly of less immediate interest for
pulsating star problems but useful for comparison, are #y, the “Kelvin” time,
and ¢,,., the “nuclear” time (see Chap. 0). Note, in particular, the value of
the ratio JI(~ t;)/t given by (0.8").

Which types of actual pulsating stars are likely to owe their pulsations to
aninitial instability to small oscillations? With a view to attempting to answer
this question, and also for general orientation, we have summarized in Table
27.1 properties of most of the recognized types of cyclic or period intrinsic
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variables. We have depicted in Fig. 27.1 the location of these various types,
as well as of some others, on a Hertzsprung-Russell (H-R) diagram. We do
not discuss at all the reliability of this information or how it is obtained, nor
do we describe in any detail the properties of the various types of variable
stars. See the comprehensive and detailed survey by Ledoux and Walraven
[Le58].

We note (see Fig. 27.1) that at least four distinct types of variable stars—
the RR Lyrae variables, the classical cepheids, the W Virginis variables, and
the dwarf cepheids—occupy a long, narrow, almost vertical region, some-
times called “the instability strip” (enclosed by dashed lines), on the H-R
diagram. This fact suggests that these four types of variable stars owe their
variability to a common physical mechanism. This mechanism may be
primarily second helium ionization(He* 2He™* *)occurring at a critical depth
in the envelope, as was originally suggested by Zhevakin {Zh53,54,54a] and
later but independently by Cox and Whitney [Co58). Detailed calculations,
using both the linearized equations (Baker and Kippenhahn [Ba62a,65d};
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Fig. 27.1 Location of various types of intrinsic variables on the
Hertzsprung-Russell diagram.
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Cox [Co063]; Zhevakin [Zh63 and other references contained therein]) and
the non-linear equations (Christy [Ch62,63,63a,64c,66,66a,66c]; Aleshin
[Al64,64a]; Cox, Cox, and Olsen [Co63a]; Cox [Co66f]; Cox, Cox, Olsen,
King, and Eilers [Co66h]; King, Cox, and Eilers [Ki66a]), have given strong
confirmation of the effectiveness of this mechanism for producing instability.
The destabilizing action of this kind of mechanism will be discussed in some
detail in Sect. 27.7. The calculations of Baker and Kippenhahn [Ba65d] and
Christy [Ch62,64c,66¢], however, show that hydrogen ionization may contri-
bute significantly to the instability in some cases (see Sect. 27.7b).

The instability of the RV Tauri stars and the red variables might be due
to the same basic physical mechanism of ionization of an abundant element
in the envelope, but it may not be He™ ionization. Other possibilities, which
have not yet been adequately investigated in detail, are He ionization, H
ionization, and hydrogen molecular dissociation (H,22H). (Some explora-
tory work on the theory of Long Period Variable Stars has been carried out
by Kamijo [Ka63,63a,63b]. While some interesting suggestions have been
offered especially in the last two of these three papers, the author in the first
paper has used an incorrect surface boundary condition for the integration of
the adiabatic wave equation and has not properly treated non-adiabatic
effects in his stability investigation. Moreover, in his treatment of the
convective flux variations he has not taken into account the fact that the
convection may not be able to follow the variations in physical conditions.
Some of his conclusions regarding stability are therefore open to question.)
Also, recent non-linear calculations by Christy [Ch66¢c] on a Population I
model star having M = 0.88 and L = 1.8 x 10° (both in solar units) reveal a
computed light curve showing a number of features that are observed in
actual RV Tauri light curves. These cooler variables all lie in the region of the
H-R diagram where stars have deep convective envelopes (¢f. Sect. 20.5).
Convection in the envelope is a complicating factor which makes quantita-
tive study of the operation of destabilizing mechanisms in the envelope
extremely difficult in view of the present poor state of our knowledge of
time-dependent convection.

The He™* ionization mechanism may have some bearing on the variability
of the spectrum and magnetic variables (some of which fall within the instabil-
ity strip shown in Fig. 27.1), but it is probably not the major factor
responsible for their variability. The variability of the f Canis Majoris (or
B Cephei) stars may not be the result of a simple radial pulsation (however,
cf. Stothers [St65]), and the physical cause of the instability is unknown
at present.

The fact that most of the recognized types of pulsating stars occupy more-
or-less well-defined regions on the H-R diagram suggests that the existence of
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pulsations depends on the equilibrium properties of a star. It is therefore
plausible to assume that most of the types of pulsating stars shown in Fig.
27.1 pulsate because at one time they were unstable to small oscillations and
consequently began pulsating essentially spontaneously. The pulsations grew
in amplitude until non-linear effects (see Sect. 27.8) eventually limited the
growth to the presently observed finite amplitudes. The initial instability
arose because the star evolved into an equilibrium state which was pulsation-
ally unstable (i.e., into a “region of instability” on the H-R diagram).
Stellar pulsation is therefore evidently a transient condition of a star. Stars
which are now pulsating will presumably some day evolve into configurations
which are pulsationally stable. The pulsation will then die out and the stars
will become ordinary, non-variable stars.*

Table 27.2

PROPERTIES OF CLASSICAL CEPHEIDS*

Quantity From To
Period (IT) 14 504
Luminosity (L) 380 L, 31,000L,,
Median Spectral Type FS G5
Effective Temperature (7,) 6900 °K 5400°K
Radius (R) 14 R, 200 R,
Mass (M) 3T M, 14 M,

Q = I1//5, 0.037 0.066

* Most of the information in this table is based on an article by Kraft [Kr63).

Since the classical cepheids are among the most well-known and most
thoroughly investigated (both theoretically and observationally) variables,
we summarize some of their properties in Table 27.2. The luminosities and
effective temperatures here have been computed from the period-fuminosity
and period-color relations given by Kraft [Kr63] and the masses from the
Sandage [Sa58] mass-luminosity relation:

log M = 0.304 log L—0.220 (27.10)

* Recent observations by Demers and Fernie [De66] of the variable star CU Camelo-
pardalis suggest that it has ceased (or almost ceased) pulsating within a time interval of
about 4 years. It is not clear at present, however, whether this behavior represents a true

cessation of pulsations or some other effect.
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(L and M in solar units). This relation is based on evolutionary arguments
and assumes that a main sequence star brightens by about one magnitude
upon leaving the main sequence and then evolves horizontally (at constant L)
over to the cepheid region of the H-R diagram. Equation (27.10) agrees, to
within a few tenths of a magnitude, with the luminosities of the evolutionary
models of Hofmeister, Kippenhahn, and Weigert [Ho64,64a,64b] and of
Kippenhahn, Thomas and Weigert [Ki65b] (see Fig. 26.11).

The well-known period-luminosity (II-L) relation of the classical
cepheids is illustrated in Fig. 27.2, which also shows the I1-L relations of the
W Virginis and RR Lyrae variables. Note that the great luminosities of the
classical cepheids and the well-defined I1-L relation which they obey make
them useful as distance indicators, once the zero point of the relation is
determined.

The II-L relation of the classical cepheids is, according to our inter-
pretation, simply a manifestation of the existence of a well-defined and
relatively narrow instability strip for these stars. The narrowness of the strip
(only a few hundred degrees C wide on the H-R diagram) shows that the
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Fig. 27.2 Empirical period-luminosity relations (schematic) for clas-
sical cepheids, W Virginia variables, and RR Lyrae variables.
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destabilizing mechanism is quite sensitive to the equilibrium radius of a star
of given L and M and that it is effective only in a narrow range of radii about
the radius corresponding to the center of the strip. The problem of the width
of the instability strip will be discussed in Sects. 27.7 and 27.8.

The changes in the observable properties of variable stars accompanying
the pulsations are complicated and are described in detail in the review
article by Ledoux and Walraven [Le58]; sce also Payne-Gaposhkin [Pa54].
Here we shall merely summarize some of the more important of these
properties for one type of variable star, the classical cepheids. The light
curves (brightness vs. time) are skew-symmetric (see Fig. 27.3) and almost
strictly periodic, repeating faithfully over many cycles. The total magnitude
range (visual) is about 1™ and it increases slowly with increasing period. The
range in visual light is smaller than in photographic light, for given period,
and the bolometric light amplitude is smaller still.

The spectra and colors of cepheids also change during the light variation.
The spectra are usually earliest at maximum brightness, and the spectral
changes are consistent with the changes in color. For § Cephei, for example,
the spectrum varies between F4 and G2 during the cycle; this variation
corresponds to a total change of AT, ~1500°C in effective temperature. Most
of the variation in brightness arises from the temperature variation; the
radius variations are small (semi-amplitude ~0.05, see next paragraph) and
have only a minor effect on the light variations.

The radial velocity curves of classical cepheids show the same period as do
the light variations, but they tend to be mirror images of the light curves,
even as to details, as shown in Fig. 27.3. If the Doppler shifts of spectral lines
are interpreted as reflecting the motion of the stellar surface, then the phase
relation between the light and velocity curves implies that the star is brightest
when it is expanding through its equilibrium radius, and not when its radius is
smallest, as might be expected from a naive application of the theory of
adiabatic, radial pulsations. The retardation of maximum brightness behind
minimum radius is the famous “phase lag discrepancy” of classical cepheids.
If the light and velocity curves were sinusoidal, the phase relations between
them would correspond to a lag of maximum brightness behind minimum
radius of just one-quarter of a period. Actually, because of the skew-symme-
try of the curves, the phase lag is considerably less than (1/4)I1, perhaps
closer to 0.1 IT.

The total velocity amplitude typically lies in the range 30-40 km/sec, but
increases slowly and erratically with increasing period, to some 50-60 km/sec
for IT ~ 30-40 days. Note that the observed velocity amplitude must be
multiplied by a correction factor close to (24/17), which corrects for pro-
jection effects and limb darkening, to give the true velocity amplitude of the
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stellar surface (see Rosseland [Ro49, p. 140]). The total radial excursion 26R
can be obtained by integrating the velocity curve. Combining these values of
28R with the values of the equilibrium radius R shows that § R/R~0.05 for
I1<15-20° and that SR/R is somewhat larger (say 3R/R0.10) for IT 2 20¢
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27.2 Equations for Spherically Symmetric
Radial Motion

We assume in this chapter only purely radial, spherically symmetric
motion and assume that the only forces acting are those due to gravity and
pressure gradients. We assume, moreover, that all stresses reduce to pure
hydrostatic, thermodynamic pressures, i.e., pressures which can be calculated
from the density p and the temperature 7, for a given chemical composition,
from a pressure equation of state P = P(p,T’). We also assume that the inter-
nal energy per unit mass E(p,T) of the system can be calculated from p and T
for the given composition. We are therefore, everywhereexcept in Sect. 27.6d,
neglecting turbulent and magnetic stresses as well as viscous stresses arising
from molecular, radiative, and turbulent viscosity. We also assume that all
times of interest are short compared to the nuclear time 1,,. (see (0.5)), so
that changes in chemical composition resulting from nuclear evolution can
be neglected. We assume, on the other hand, that all times of interest are [ong
compared to the relaxation time for the establishment of local thermo-
dynamic equilibrium (see Chap.4) among atoms, ions, electrons, and
photons, but not among nuclei. Thus we assume all the distribution func-
tions, with the possible exception of that for photons, to have their thermo-
dynamic equilibrium forms at the local (instantaneous) values of p and T; in
particular, we assume that we always have instantaneous ionization equi-
librium (cf. Sect. 9.13). Finally, we neglect effects of special and general
relativity, and assume the validity of Newtonian mechanics, which is certainly
adequate for our purposes.

We adopt a Lagrangian description, in which time ¢ and interior mass m
(total mass interior to a spherical shell) are regarded as independent variables.
The instantaneous radius r interior to which lies the mass m is given by the
solution of the equation

m= f4nazp(a,t)da, 27.11)
H

where p(a,t) is the density at radial distance a at time ¢. Equation (27.11)
expresses the principle of mass conservation. In differential form (27.11) is

or 1
—=———y. 27.12
om A4nrp ( )

It is sometimes useful to use, in place of m, a Lagrangian radial coordinate r,
defined by

ro
m= [ 4na’py(a)da, (27.13)
1]
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where py(a) is the density at radial distance a corresponding to some partic-
ular state of the system, such as the state at some particular instant of time
or an equilibrium state. Using (27.13), the mass equation (27.12) may also be
written in the form

or "o Po

e rp - (27.14)

The momentum equation, when only gravity and pressure gradient forces
are present, is

Or_.__10P_Gm
2= por r*

=7 (27.15)

where P is the total (thermodynamic) pressure, and the operator 0/0¢ denotes
(in the Lagrangian description) the Stokes derivative, to be taken following
the motion of a particular mass element.
The energy equation is
0E POp oH

Ert et (27.16)

where E is the total internal energy per unit mass, ¢ is the rate per unit mass
of thermonuclear energy generation, and H = 4znr®F is the “interior lumi-
nosity,” or the net outward rate of flow of energy (of net flux F) across a
sphere of radius . Note that e—0H/0m=dg/dt, the net rate of gain of heat
per unit mass. The energy equation (27.16) can also be written in the follow-
ing useful forms, if changes in chemical composition resulting from nuclear
transmutations are neglected (cf. Sect.17.6):

oP_I,P ap oH
F T 2 TP~ <e——m) (27.17)
Oln T_(Fa_l)alnp &~ (E)H/i)m) @7.18)

¢y T

where I'; — 1=(dIn 7/dInp),q (see Sect. 9.14) is one of the adiabatic exponents,
and ¢y is the specific heat per unit mass at constant volume. The reciprocity
relation of thermodynamics (see Sect. 9.11) has been used in obtaining (27.17).
The identity (9.93) among the three adiabatic exponents I, I,, and I3
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should be kept in mind. Methods for computing values of the gammas were
discussed in Sects. 9.14-9.18.*

The energy equation must be supplemented by explicit expressions for the
energy generation rate ¢ and the interior luminosity H. In the case of
thermonuclear energy generation a formula of the form

e=gp*T" (27.19)

is often adequate (¢f. Chap.17). For the proton chain A=1 and v~4 for
T~15x10°°K; for the carbon cycle A=1 and va15-17 for 30x 106>
T(°’K)220x 10° (see Sect.17.17). Excluding possible contributions from
neutrinos (which can usually be taken into account as a negative contribution
to g, see Sects. 5.1 and 17.20) and mass loss, H may in general be made up of
radiative, conductive, and convective contributions. In the case of radiative
transfer we use the diffusion approximation (¢f. Chap. 6), which is actually
valid only at large optical depths in a star. We have

2 dac T 0T
3 xkpOr
16n°ac " T*9InT
3 k Om

Hg=—4nr

, (27.20)

where « is the Rosseland mean opacity (see Sect. 8.2). Equation (27.20) is
valid as long as physical conditions are not changing so rapidly that the light
travel time across the relevant part of the system is appreciable as compared
with the time scale for the variations. While tabular opacities are available
(cf. ANN. Cox [Co64]; A.N. Cox, Stewart, and Eilers [Co65a]; A.N. Cox
[Co65]; and Sect. 16.9), interpolation formulae of the form

K=kop"T™* (27.21)

are often useful in approximate work and for qualitative considerations {(cf.
Sect. 16.6). Under typical stellar interior conditions where electron scattering
is not important (say 7<30x 10°°K) and where hydrogen is almost fully
ionized (say T2 15 x 10°°K), typical values are nx 1 and s~ 3 (see Fig.16.5).
In the region of partial hydrogen ionization we have nx0.7 to 0.8, but s is
large and negative, say s~ —4 to —10. In the region of second helium
ionization (He*=He**) n~0.8 to 1, but the value of s depends on the
density. For large densities (say p > 1078 gm/cm®) we have 52 2 to 3; for

* The gammas can be computed in cases where nuclei partake in the equilibrium, so that
the restriction regarding changes in chemical composition does not actually need to be
imposed; see Ledoux [Le63, p. 409]. However, we neglect in this chapter changes in com-
position due to nuclear transmutations.
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(¢f. Sect. 9.14). The quantity Q is dimensionless, generally close to unity, and
depends on the equation of state of the material (cf. Sect. 14.3). For an
equation of state of the form

1

R
P=; pT+§aT4 @727

(% = gas constant per mole, ¢ = mean molecular weight), we have

_{4=38 (Clnu dlnpu
AP (]

where g = P,/P is the ratio of gas pressure to total (gas plus radiation)
pressure and y is regarded as a function of p and T for the given chemical
composition. The quantity 4 is dimensionless and is, physically, a convective
efficiency parameter (see Sects. 14.6, 14.7, and 20.5): The convection can be
both efficient and considerably subsonic if A>-1;if A«]1, the convection can
be efficient only if the eddy velocity © is near sonic or supersonic. Note that
S~2(V—V,)/? for A>1 and that neither & nor H_ depends on A in this limit,
which corresponds, physically, to negligible heat losses by the convective
elements during their motion.

The many uncertainties in the mixing length theory cannot be over-
emphasized, and the quantitative accuracy of the theory is unknown. About
all that can be said is that no obvious conflicts with observations have arisen
through its use.

In case the time scale for the variation of physical conditions is comparable
with or shorter than the mean eddy lifetime

T=AlV, (27.29)

then the convective flux certainly cannot adjust instantaneously to the local
physical conditions, and (27.23) is not expected to be an accurate expression
for the convective luminosity H,.

While a theory of time-dependent convective heat transfer does not exist,
we shall describe here the approximate method of treating time-dependent
convection adopted by A.N. Cox, Brownlee, and Eilers [Co66e] and by Cox,
Cox, Olsen, King and Eilers [Co66h]. In an infinitesimal time interval d the
actual convective luminosity H(?) is allowed to change only by the amount

aH =LA 0~ HW], (27.30)

where 7(¢) is the mean eddy lifetime at time 7 at the level of interest (¢f. (27.29)
and (27.22)) and H(t) is the instantaneous value of the average convective
luminosity as given by (27.23). Equation (27.30) has the effect of considerably
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small densities (say p < 1078 gm/cm?®) s < 2 and s may even become slightly
negative for sufficiently small densities. At still smaller densities (say p <1072
gm/cm?) the electron scattering limit (Thomson scattering) is approached,
for which n=s5 =0 (¢f. Chap.16).

The contribution to H of thermal conduction can be taken into account
formally by including its effects in x (see Sect.17.7).

The inclusion of the convective contribution to H requires a (time-
dependent) theory of convective heat transfer. Under quasi-static conditions
(where the relevant time scales are long compared to the mean eddy life-
times) the Bohm-Vitense mixing length theory (see Chap.14) seems to
provide at least a qualitatively reasonable picture of convective heat transfer.
If the convective flux is regarded as determined by the (assumed known)
existing temperature structure, the equations of the mixing length theory
reduce to a quadratic, rather than a cubic, equation in the unknown (see
Sect. 14.8), provided that turbulent pressure is ignored. With heat losses from
the convective elements taken into account in the manner suggested in
Chap. 14, then, the solution of the quadratic gives the following expressions
for the average eddy velocity # and the average convective luminosity H, (see
Sect. 14.8):

1 gl/ZQI/ZA

E=Zl7§__};l/_2_ f, (27.22)
_ 1/21/2 AZ T
Ho—dnr?. L 872 "cpd7pT o5 27.23
32)/2 25" / (27.23)
where
= [VT+H32(V=V-1]/4 (27.24)
and
1/2 . 5/2 42
4=Q cer 8o A (27.25)

T12)/2ac PPTYC

Here g = Gm/r? is the local gravitational acceleration, 1, = P/pg is the local
pressure scale height, A4 is the mixing length, ¢, is the specific heat per unit mass
atconstant pressure, ais the radiation energy density constant (see (3.44)), c is
the light velocity in vacuo, V=dIn 7/d In P is the actual mean logarithmic
temperature derivative (with respect to pressure) in the convection zone,

and
Vaa = <d In P)ad T L (27.26)



1046 APPLICATIONS TO STARS

reducing the variations of convective flux when these variations take place in
times short compared with 7, which is at least a physically plausible result.
For example, suppose that H (¢) consists (at some mass level) of a constant
part plus a sinusoidally varying part, say 8H (¢), resulting from a sinusoidal
variation of the local physical conditions:

8H (1) = A sin Que/IT), (27.31)

where II is the pulsation period of the star and A is independent of time (this
A is not to be confused with the A given by (27.25)). The quantity 8H (¢) is
computed by using the instantaneous local values of all quantities appearing on
the right side of (27.23). The steady state solution of (27.30) is then (considering
only the time dependent part of H(¢) and taking 7 to be constant in time)

SH. ()= B sin 2nt/II—6), (27.32)
where
B 4 (27.33)
V1+Q@ne/m?’ )
f=tan"'Qnrc/Il) O<0<7/2). (27.34)

For 7/II-0 (very short eddy lifetime), we see that §—0 and §H_(t)—>8H (1),
i.e., the convection adjusts itself instantaneously to the local physical con-
ditions. For 7/II = 1/(2rn), we have # = 45° and B= A/\/i. For t/IT>1
(very long eddy lifetime), 8~ (n/2)— (I1/2rt) and B~(I1/2rn7)A< A ; in other
words, the phase lag of 8H(¢) relative to 8H (t) approaches 90° and the
amplitude of 8 H (t) is reduced below that of $H (r) by the factor II/2nr < 1.

We shall write down the linearized equations only for the case where the
state of the actual system is close to a static state (7 = 0, all m) which is in both
hydrostatic equilibrium (# =0, all m, ¢f. Chap. 1) and thermal equilibrium
(e—0H/0om =0, all m, ¢f. Chap. 5). We shall refer to this static state as a
complete equilibrium, or simply equilibrium, state (as we have throughout this
book), and shall often use zero subscripts to denote this state. The equations
defining this equilibrium state are seen to be

fo=0,"'o=0,ﬁo=0,Po=0,T=0,a]lm (27.35)
dr, 1
dm ™~ anper? (27.36)
dP, Gm
am= " dmrd (27.37)
dH,

Mo _ (27.38)
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where a dot over a symbol means the Stokes derivative 0/0r. We are thus
excluding from consideration cases in which the “equilibrium” state is in
hydrostatic but not thermal equilibrium, as in the case, for example, of a
gravitationally contracting star (¢f. Sect.17.4).

We shall find it convenient to work in terms of the relative displacement,

{=6rfrg, (27.39)

of a mass shell from its equilibrium position r,. Hence the instantaneous
radial distance r of the mass shell is given by

r=ro(1+0). (27.40)

We shall also find it convenient to work in terms of the relative Lagrangian
variation, 8f/f,, of some physical quantity f, where 8f always refers to a given
mass element. Hence we have for the instantaneous value of f for the given
element

f=fo (1+87f—). (27.41)

In the linear approximation we always assume that ||« 1 and [8f]f,|<1, and
we neglect powers (higher than the first) and products of relative variations.

The linearized mass equation is easily obtained from the form (27.14) of
the mass equation. We have

Olre(1+0] _ 1
oro (1+0*(1+3p/po)
5
or 1+C+r0§éz(l—2C)( —;—2’)
~1 —25-2’;’,

whence

5p_ ol

o=~ =rogs (27.42)

where zero subscripts are often dropped where no confusion is apt to arise.
In terms of x=ry/R, (Ry = equilibrium stellar radius), (27.42) is

% 3-x. (27.43)
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The linearized momentum equation is obtained, for example, from the
second form of the momentum equation (27.15), by a procedure similar to
that used in obtaining (27.43). The result may be written in the form

pie M dP_1 (8P %_5i<ap
7 po d"o Po Po dro  po Ore\ P (27.44)

In terms of x = ro/ Ry, we may also write (27.44) in the form (dropping zero

subscripts)
(- oo
<4c—55c if) (27.45')
where g = g, = Gm/r? and A;' = — dIn P/dr is the (equilibrium) pressure

scale height.
We may write the linearized energy equation (dropping zero subscripts)

either as
(i) o
or as
§,<8T) (=D t<5” )+$T8<8—271:>, (27.47)
where we note that in the present case where ¢, = dHy/dm we may write
(At

Outside the energy producing regions we have ¢ =0 and H, =L, the
equilibrium luminosity of the star.

Finally, we note also the linearized form of the radiative luminosity
equation (27.20). Dropping zero subscripts, we have

OH ox 6T 1 0 /38T
(F);“C % T T a(ﬂ 21.49)

In case the opacity x can be represented by an interpolation formula of the
form x = const.-p"T ™%, we have

AP el (27.50)
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whence (27.49) becomes

SH 5p 5T 1 0 (sT
—_—— =4V— —_— — ——— e — —
<H>R ¢ np+(s+4)T+d1nT/dx6x<T)' (27.51)

It is worth noting the relatively large factor s+4 multiplying §7/7; this
factor is 7 for s = 3. Moreover, we note that in the outer stellar layers (where
m= M, the total stellar mass, ¢f. Chap. 20) T, is represented approximately
(at least interior to the region of hydrogen ionization) by the formula

Ty~ const. <~)1; -~ 1) ) (27.52)

where the value of the constant depends on the equilibrium properties
(M, R, composition) of the star (see (20.116)). We see from (27.52) that
dIn Ty/dx~ —[x(1 —x)]~ %, so that the factor multiplying d(37/T)0x in
(27.51) becomes very small in the surface regions where x~ 1. Hence the term
containing 87/T in (27.51) is often the dominant term, and an increase in the
local temperature generally results in an increase in the local radiative
luminosity Hy. We may also say that Hy is normally more sensitive to the
local temperature T than to the local temperature gradient 0T/0x, at least in
the outer parts of the star.

In the region of hydrogen ionization where s may be large and negative
and where ldT /dx| becomes extremely large (in the equilibrium model)
because of the sharp inward increase in x in this region (see Chap. 20), the
situation is considerably more complicated and the last term in (27.51) cannot
be neglected. It is this last term, in fact, that is mostly responsible for the
locally very large values of ]8 T/ T‘ found by Baker and Kippenhahn [Ba62a,
65d] in the hydrogen ionization zone.

In case the rate of thermonuclear energy production per unit mass ¢ can
be approximated by an interpolation formula of the form & = const. piT, we
have, neglecting any phase delays in energy production,

%e_,%0 8T (27.53)
£

27.3 Summary of Results for Linear Adiabatic
Radlial Oscillations

The linearized, non-adiabatic wave equation for purely radial motion may
be obtained by taking the time derivative of the momentum equation (27.45),
eliminating 0(3P/P)/0t by use of the energy equation (27.46), and eliminating
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3p/p by use of the mass equation (27.43). We obtain, after some rearrange-

ment,
w ¢ d 19 G4
C—;’;a[(?’n 4)P]“‘—— <F1P"45;>

_ _Lﬁ[p(ra_ua (e_ggﬂ @7.59)

where we have dropped the zero subscripts from equilibrium quantities.

In the special case of adiabatic radial oscillations it is assumed that dg/
dr=238(¢—0H/0m) = 0 for all m, so that the right side of (27.54) is zero, and
the two forms (27.17) and (27.18) for the linearized energy equation may be
replaced by the simpler equations

§}—)=r1i’7”, ;S_T-_(r3 - 1) (27.55a,b)

Since it turns out that the oscillations are actually almost adiabatic through-
out most of the mass of a star (see Sect. 27.4), it is perhaps not surprising that
the adiabatic approximation gives a good overall description of the gross
dynamical properties of pulsating stars, in particular their pulsation periods.
Since, however, a star executing perfectly adiabatic oscillations is a perfectly
conservative system (in the absence of dissipative effects such as viscosity), it
is clear that the theory of adiabatic oscillations can yield no direct information
regarding pulsational stability.

One normally considers only solutions of (27.54) (with the right side set
equal to zero) of the form

£, t)———é(r) e, (27.56)

where £(r) is a function (complex in general) only of the equilibrium radial
distance r(=r,) of a given mass shell, and ¢ is a constant. Substituting (27.56)
into (27.54) with the right side set equal to zero, we obtain the linearized
adiabatic wave equation for purely radial motion:

1 d d&\ 1 (a
_Fa(rlpr“aé;)—;—ﬁ{a;[(y‘l—-4)P]}5=026, (27.57)

where we have discarded the solution ¢ =0, which corresponds to the
perfectly static case and consequently is of no interest to us here.

If &(r) is purely real or if its phase is independent of r, then (27.56)
describes a standing wave. One is generally interested only in such standing
wave solutions in the case of the adiabatic wave equation.
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The assumption of standing wave solutions implies that there is perfect
reflection of the wave at the stellar surface. As is well known (see, for example,
Ledoux and Walraven [Le58, Sect. 681), the condition for perfect reflection of
sound waves in the case of an isothermal atmosphere of temperature 7,
(effective temperature) is that

A>4nip, (27.58)

where 1 is the wavelength of the sound wave and A,(=%T,/ug in the case of a
perfect gas equation of state) is the pressure scale height in the photosphere
of the star. Since for the fundamental mode, at least, of radial pulsations, 1 is
of the order of R, the stellar radius, then the condition for standing waves is
that R/Ap> 1. However, the ratio R/), may easily be shown from the virial
theorem to be of the general order of magnitude of the ratio of the central to
the surface temperature (provided that the star is non-degenerate). Conse-
quently, we have R/A,>>1 (say ~10%—10*) for most stars, so that the condi-
tion for standing waves normally seems to be well satisfied in stars, at least for
the fundamental mode. The existence of a high-temperature corona, however,
could lead to imperfect reflection and to progressive waves propagating into
the corona (¢f. Schatzman [Sc56); Ledoux and Walraven [Le58, Sect. 68];
Unno [Un65]; and Sect. 27.7¢c). We do not consider this possibility further in
this section, however.

The boundary conditions to be imposed on (27.57) are the following. At
the center of the star we must clearly have

Sr=0atr=0, (27.59)

whence ¢ = 8r/r must be finite at r = 0. Moreover, it can be seen from (27.57)
that we must also have d&/dr = 0 at r = 0 if d2£/dr? is to remain finiteat r = 0.

At the surface (r = R) of the star we must require, in general, that all
relative pulsation variables, such as 8P/P, 8p/p, etc., be finite. The specific
surface condition can be obtained most generally from the linearized momen-
tum equation (27.45") (with (27.56) substituted therein):

o (6P\ R[[c*r oP
a(?‘)ﬁ;[(?“)“?]‘ (27.60)

Since R/Ap>1 at the photosphere for most stars (and R/ip =c0 if P/p is
assumed to vanish at the surface), a reasonable surface boundary condition

would be
5P a’r
+= _<._g +4>§’ (27.61)
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at r = R. This boundary condition prevents (5 P/P)/0x from having a large
(or infinite) value at r = R and also requires that 3P/P be finite at r = R even
if P =0 here.

We note that the surface boundary condition (27.61) was obtained with-
out reference to the assumption of adiabatic oscillations, and it may there-
fore also be used in the case of non-adiabatic oscillations. In fact, if (27.61) is
satisfied at r = R, it will also be approximately satisfied throughout a consid-
erable region of the stellar envelope (since 9(3P/P)/0x will then not have any
extremely large values in the relevant portions of the envelope). This fact was
realized and taken advantage of by Eddington [Ed27].

In the case of adiabatic oscillations we may express 8P/P in terms of
3p/p by use of the adiabatic relation (27.55a) and 3p/p in terms of { by use of
the mass equation (27.43). Equation (27.61) then becomes, using the standing
wave solution (27.56),

diné
dx

253
R=Fl1["G—f4~—(3rl—4)] at r=R, (27.62)
which gives the logarithmic slope d In &/dx of the relative pulsation amplitude
& at r=R in terms of I'; and the dimensionless frequency ¢>R*/GM and
assures that both £ and d&/dr are finite at r = R. The boundary condition
(27.62) is one the conventionally used in connection with the adiabatic wave
equation (27.57).

It can be shown (¢f. Baker and Kippenhahn [Ba65d]) that (27.62) is, in
fact, the condition for the existence of standing waves in the interior for an
“adiabatic” relation of the form 8P/P =TI,(8p/p), where I is now not
necessarily the adiabatic exponent defined in Sect. 27.1, in the case of a star
with a non-zero surface temperature. The surface boundary condition has
also been discussed by Unno [Un65].

In Sect. 27.3a we discuss from an elementary standpoint the conditions
for the existence of oscillatory solutions of the adiabatic wave equation
(27.57). In Sect. 27.3b the results of Sect. 27.3a will be generalized, and some
mathematical properties of the adiabatic wave equation and its solutions will
be summarized. Finally, in Sect. 27.3¢ we shall discuss some results of
numerical solutions of this equation.

27.3a Elementary Discussion of Conditions for Oscillatory Solutions

We consider in this subsection the question, “Under what conditions do
oscillatory solutions of the adiabatic wave equation (27.57) exist?” In this
subsection we shall consider only a simple special case, namely, that in which
the relative displacement (or relative pulsation amplitude) {={(z) is a
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function only of time ¢, and not of radial distance r. The more general case
will be considered in Sect. 27.3b. In the present case we have that rocr or
that 8r/r is independent or r. We are therefore here dealing with a case of a
“homologous” expansion or contraction (cf. Chap. 22). We shall assume,
further, for simplicity, that I'; is constant both in space and time.

Thus (27.54) becomes in this case

3r,—4dp
l= o ar (27.63)
Assuming that {#0, we may write this equation as
Lo 3hm4dR (27.64)
¢ pr dr

Since the first term here is a function only of # and the last a function only of r,
it follows that both terms must be equal to a constant, C2. Since the equilib-
rium model is assumed to be in hydrostatic equilibrium, we may make use
of the hydrostatic equilibrium condition:

1dP_ G
&= __r;"_, (27.65)

where m is the mass interior to a sphere of radius r. The second equality in
(27.64) then becomes

_ O_rx_:;)_cﬂ —C. (27.66)

If I, #(4/3), we see that m/r® = const., which implies that p (equilibrium
density) = const., as a necessary condition that { be a function only of time.
Hence, if I'; #(4/3), then only the homogeneous model (p independent of r)
can expand or contract homologously in adiabatic motion. If I'; = (4/3), itis
clear that C?= 0 for any equilibrium model in which { ={(¢) is independent
of r. Hence, if I'; = (4/3), the model does not need to be the homogeneous
model in order to expand or contract homologously. Returning to the case
I’y %(4/3), in which we must be dealing with the homogeneous model, we
have m = (4/3)rpr* whence, from (27.66), the value of the constant C Zis

C? = — (3, —4) (4/3)nGp, (27.67)

where p is the uniform (equilibrium) density in the model.
We return now to the first equality in (27.64), which is

l=C%. (27.68)
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Assuming a general solution of the form {cce™, we obtain the equation
o(w?—C* =0, (27.69)

whose roots are w =0, + C. The root w = 0, however, is associated with an
infinite time scale and is therefore of no interest to us here; moreover, we
have already assumed that {0, which rules out the root w»=0.* The
general solution of (27.68) is then (for C+#0)

{=Ae“+Be™“, (27.70)

where 4 and B are constants of integration. Expressed in terms of the values
of { and ¢, say {, and {,, at time ¢ =0, we have for {

1, - -
C=E(C0+C0C)(ec'~e N+ oe™, (21.1)
provided that I'; #(4/3).

For I'; < (4/3), we see from (27.67) that C is purely real. For this case,
then, according to (27.70) or (27.71), the motion is aperiodic, i.e., {oce®™",
where the “e-folding” time 7 is

1
t=1/C tess (27.72)

TVIh- 4GP G

where #; is the “free-fall” time (¢f. Chap. 1). Hence, the case I'; <(4/3) for
the homogeneous model corresponds to a dynamical expansion or collapse,
with a time scale of the order of the free-fall time. We conclude that no
oscillatory solutions exist for the homogeneous model with I'; <(4/3) and
with { independent of r.
For I'; >(4/3), we have C?<0, so that C(= +w) in this case is purely
imaginary:
w=io, (27.73)

* This solution with @ = 0 corresponds to a perfectly static solution, for then ¢ = 0 for all
time. This solution requires that a star which is initially in a perfectly static condition
() = 0, {(r) = 0, all r) can remain in this condition for all time, barring the possibility
of dynamical instability (cf. Sect. 27.3b), for perfectly adiabatic motion. Of course, the
assumption of adiabatic motion is not likely to be very realistic when arbitrarily long time
scales are involved.

Also, it is worth noting that this solution = 0 would not have arisen, had we made
the assumption of adiabatic oscillations before deriving the wave equation. Our procedure
(in which the solution @ = 0 occurs) is equivalent to regarding adiabatic oscillations as a
limiting case of non-adiabatic oscillations; see Sect. 27.5b.
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where o is purely real and is the angular frequency of oscillation:
a=2r/ll, (27.74)

where I7 is the pulsation period. For this case, then, the solutions are
oscillatory, {oc e*™, with angular frequency given by the relation (see
(27.67))

0 =BT, =D @3)nGp, (27.75)
so that

p= VWT—T(Wf const., (27.76)

which agrees (aside from the factor (3I'; —4)) with our crude order-of-
magnitude estimates of the value of the pulsation period 7 in Sect. 27.1. We
note that the amplitude of the oscillations is constant in time, so that the
pulsations are neither growing nor decaying, just as we would except for a
perfectly conservative system of the kind we are considering (perfectly
adiabatic oscillations with no dissipation). Linear, constant-amplitude (in
time) pulsations of this kind are an example of “neutral” stability against
radial pulsations.
Finally, if I'; = (4/3), then C? =0, regardless of the stellar model, and
(27.68) becomes
{=0o0r{=A+Bt+Ct?, 27.77)

where A, B, and C are constants. This is again a non-oscillatory solution, in
fact an aperiodic one with an arbitrary time scale (since B and C are just
constants of integration). This case represents a case of neutral stability
against homologous expansion or contraction on an arbitrary time scale.
Since the equilibrium density p need not be spatially constant for this case,
then it applies to an arbitrary equilibrium model (aside from the requirement
that I'; = (4/3)). We thus conclude that, for the homogeneous model with
constant I'; and with { not a function of r, oscillatory solutions of the adia-
batic wave equation are possible only for I', > (4/3). This result will be
generalized to arbitrary stellar models in Sect. 27.3b.

27.3b Mathematical Properties of the Adiabatic Wave Equation

The mathematical properties of the adiabatic wave equation (27.57),
together with the boundary conditions (27.59) and (27.62), are well known
and are discussed in detail by Ledoux and Walraven [Le58, Sects. 58-60). We
only note in this subsection, without derivation, some properties that will be
useful to us in later sections. The problem is an eigenvalue problem, such
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that only certain eigenfunctions &, and their corresponding eigenvalues o7
may be solutions of (27.57) and also obey both central and surface boundary
conditions. The eigenvalue nature of the problem arises from the facts that
(1) the basic differential equation (27.57) is homogeneous and of the second
order, and (2) boundary conditions are applied both at center and surface of
the star. The homogeneity of the differential equation implies that one of the
two constants of integration must remain arbitrary: if  is a solution of the
equation, then Au (4= arbitrary constant) is also a solution. Satisfaction of
the boundary conditions requires, however, that there be two adjustable
constants; the only disposable parameter in the differential equation is o2,
which is therefore an eigenvalue. The eigenfunction, &, , having the smallest
eigenvalue o3 is called the fundamental mode, and it is characterized by
having no nodes in the range 0<r<R. In general, the k™ mode has & nodes
in the range 0 <r<R.
Equation (27.57) may be written in the form

L&, =03, (27.78)

where the linear operator L, which is defined by comparison of (27.57) and
(27.78), is easily shown to be self-adjoint or Hermitianif P =0atr = R. From
the Hermiticity of L follow a number of conclusions:

(1) All eigenvalues o7 of the adiabatic wave equation (27.57) are real.
Since all coefficients in (27.57) are accordingly real, it follows that purely real
solutions &, exist, corresponding to true standing waves, in which the system
passes precisely through its equilibrium state twice in every period. For any k,
then, only three possibilities exist for purely adiabatic motion with standing
wave solutions of the form (27.56): (a) o, is purely real, 62 > 0, corresponding
to pulsations of constant amplitude, {,(r,1) =& (rlexp(tia?). (b) o, is purely
imaginary, o7 <0, corresponding to dynamical instability on a time scale #:

G=(01/2) tff(zk, o+ 8k, o/ti) eXp(t/tee) —exp(— /)] + {1 o exp(—t/te)  (27.78')

(see (27.71)), where t,;=1/|a,| is essentially the “free-fall” time and {i0 and
k.0 denote values of {, and {, at time # = 0. This equation shows that the
positive exponential is always present for any non-trivial perturbation at
t =0, so that dynamical collapse or dynamical expansion are inevitable for a
non-zero perturbation at t =0. (¢) g, =0, corresponding either to neutral
stability on an arbitrary time scale or to the perfectly static case (see the
footnote in Sect. 27.3a). Solutions of the adiabatic wave equation correspond-
ing to positively or negatively damped oscillations (¢, complex) therefore do
not exist, as we know on physical grounds must be the case for such a
perfectly conservative system.
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(2) The eigenfunctions &, are orthogonal to one another with respect tothe
element r2dm of moment of inertia. For two eigenfunctions & and &, we have

I &xeridm =03, (27.79)
M

where
Je= [ |&f2rtdm (27.80)
M

is the oscillatory moment of inertia for the k™ mode, an asterisk denotes the
complex conjugate, and §,, is the Kronecker delta (see Sect. 2.5). Hence,
more general solutions of the adiabatic (or non-adiabatic) wave equation
may be expressed as superpositions of the &, assuming them to be complete.

(3) The eigenvalues have a minimal character. Consider, for example, the
fundamental mode (k = 0) and let u(r) be any sufficiently regular function
which obeys the same boundary conditions as do the &, (i.e., u is finite and
du/dr =0 at r=0; u and du/dr are finite at r = R). Then define the real
number

ZZE%J‘u*Lu r’dm, (27.81)

M

where L is the linear operator defined by (27.78) and (27.57), and J is defined
exactly as is J in (27.80), except that ]fklz is replaced by Iu[z. We then have
the useful result that, for any function u of the class considered,

op<Y?, (27.82)

where of is the eigenvalue for the fundamental mode and the equality sign
applies when u(r)=¢&,(r), the corresponding eigenfunction. Because XZ
possesses a true minimum (obtaining when u(r) = &o(r)) as u(r) is varied
about &,(r), even a very rough “trial” function u(r) can often give a good
approximation to the eigenvalue o7 (i.e., ca~X?). For example, taking u(r)
=const., it is easy to show that

Y2 =3, ~4)(-Q/I) (u(r)=const.), (27.83)

where © and I are, respectively, the gravitational potential energy (cf. Sect.
17.1) and moment of inertia about the center of the star (¢f. (27.5)) in its

equilibrium state, and
[@ry—4ypdv [ (3r,—4)PdV
r —"4 EV '~._—V
N T (-0
vV

(27.84)
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is an average value of 3I'; —4 for the whole star. Use has been made of the
virial theorem in the form (27.3) (first equality) in obtaining (27.83) and
(27.84). Equation (27.83), with Z = g, = 2x/II, is a more accurate version of
the order-of-magnitude relation (27.4).

Equation (27.83) shows that, since o3<X?, a star will be dynamically
unstable if I < (4/3), on a time scale (the “free-fall” time scale) of £~ 1 /IZI
= 1//|3T; —4)(—Q/D)|. Physically, dynamical instability just means that,
in an arbitrary (and arbitrarily small) displacement of the system from
equilibrium, there are negative restoring forces which tend to push the system
still further from equilibrium.

Other conclusions can be drawn from the minimal character of the
eigenvalues. For example: (a) For the homogeneous model (p(r) = g = const.)
with I'; = const., the eigenfunction for the fundamental mode is &, = const.,
and the corresponding eigenvalue is

oo=(3I1—4)-(4/3)nGp (27.85)
(which was also obtained more directly in Sect. 27.3a), or

2r

Vel °=0= B Th m0rg

=092 for I,=(5/3). (27.86)

This value of Q also applies to the case of a satellite of negligible mass
circling its parent body in a circular orbit very close to the surface. (b) For
any stellar model of given mean density p= M/((4/3)nR>) with constant I
and for which p(r)>p5, where p(r) = m/((4/3)zr®) (mean density interior to
r, ¢f. Chap. 1), the right sides of (27.85) and (27.86) provide lower and upper
limits, respectively, to the possible values of g2 and Q. Hence the homo-
geneous model has the lowest possible frequency in the fundamental mode,
for given values of M, R, and I'; (= const.). (¢) For an arbitrary stellar
model with I'; = const., we have o3>0, =0, or <0 according as I', > (4/3),
= (4/3), or <(4/3). Moreover, the eigenfunction for I'; = (4/3) is &, = const.

The following physical interpretation of the adiabatic wave equation and
its solutions is useful. In the case of standing wave solutions with a time
dependence of the form e/, the constancy of ¢ means that every mass shell
in the entire star has the same “force constant” ¢? and therefore the same
“natural” frequency. Since ¢? is an eigenvalue which may be represented by
an expression of the form (27.82) (with the equality sign) involving integrals
over the whole star, it follows that the local restoring forces that act on a mass
shell when it is displaced from equilibrium are determined not only locally
but also by conditions in the entire star (through the dependence of ¢ not
only on ¢ but also on its derivatives, cf. (27.57)).
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It therefore follows, for example, that, even if I', were less than (4/3) in
some region or mass shell of the star and greater than (4/3) elsewhere, then
that particular mass shell where I <(4/3) will be dynamically stable (ie.,
will experience positive restoring forces if displaced from equilibrium) if the
whole star is, i.e., if o (whose value depends on some average value of I
over the whole star) is positive.

It can also be shown that

02 =4T, (27.87)

where J is the time average (over one period) of the total pulsational kinetic

energy of the star. On the other hand, one can show, by computing the work

done by the pressure and gravity forces when a mass shell is displaced a

distance r{ =3&r from its equilibrium position, that f {Ler*dm = 26®, where L
M

is the linear operator defined by (27.57) and (27.78), and 8@ is the total
potential energy of the star in its displaced configuration, with §& =0
corresponding to the equilibrium state. If I', is constant and greater than
(4/3), it can be shown, moreover, that 6&>0 for an arbitrary (but small)
displacement from equilibrium. In the case of sinusoidal, adiabatic
pulsations it turns out that §®, the time average of 8& over one period, is

§d=(1/4) [ £*Lerdm. (27.88)
M

Hence, the physical interpretation of (27.82) (with the equality sign) is simply

that
T =30, (27.89)

or that in the actual star the average kinetic energy is just equal to the average
potential energy, a result that can be proved quite generally, by use of the
virial theorem, for systems executing simple harmonic motion. This last result
is generally known as Rayleigh’s Principle (see, for example, Temple and

Bickley [Te56]).

27.3¢ Numerical Solutions of the Adiabatic Wave Equation

Solutions of the adiabatic wave equation (27.57) have been obtained for
many stellar models, and some of the properties of these solutions for certain
selected models are summarized in Table 27.3 (adapted from Ledoux and
Walraven [Le58, Table 12, p. 473]). In all cases investigated so far in which
I', >(4/3) throughout the major portion of the stellar mass and in which the
surface boundary condition (27.62) is satisfied, &(r) is in the fundamental
mode a monotonically increasing function of r(&(r)(>0) may be regarded as
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is an average value of 3I'; —4 for the whole star. Use has been made of the
virial theorem in the form (27.3) (first equality) in obtaining (27.83) and
(27.84). Equation (27.83), with X ~ ¢, = 2n/I1, is a more accurate version of
the order-of-magnitude relation (27.4).

Equation (27.83) shows that, since g2<ZX?, a star will be dynamically
unstable if I < (4/3), on a time scale (the “free-fall”” time scale) of #;~ 1 /IZ[
= 1//|3I; —4)(—Q/I)|. Physically, dynamical instability just means that,
in an arbitrary (and arbitrarily small) displacement of the system from
equilibrium, there are negative restoring forces which tend to push the system
still further from equilibrium.

Other conclusions can be drawn from the minimal character of the
eigenvalues. For example: (a) For the homogeneous model (p(r) = p = const.)
with I'; = const., the eigenfunction for the fundamental mode is &, = const.,
and the corresponding eigenvalue is

ao=(3I—4)-(4/3)nGp (27.85)
(which was also obtained more directly in Sect. 27.3a), or

2n
VGBI —4)-(4]3)nGpo

nVplpo=0= =0%12  for I =(5/3). (27.86)
This value of Q also applies to the case of a satellite of negligible mass
circling its parent body in a circular orbit very close to the surface. (b) For
any stellar model of given mean density p= M/((4/3)nR>) with constant I
and for which p(r)>p, where p(r) = m/((4/3)nr®) (mean density interior to
r, ¢f. Chap. 1), the right sides of (27.85) and (27.86) provide lower and upper
limits, respectively, to the possible values of o3 and Q. Hence the homo-
geneous model has the lowest possible frequency in the fundamental mode,
for given values of M, R, and I'y (= const.). (c) For an arbitrary stellar
model with I'y = const., we have 035>0, =0, or <0 according as I', >(4/3),
= (4/3), or <(4/3). Moreover, the eigenfunction for I', = (4/3) is &, = const.

The following physical interpretation of the adiabatic wave equation and
its solutions is useful. In the case of standing wave solutions with a time
dependence of the form €/, the constancy of ¢ means that every mass shell
in the entire star has the same “force constant” ¢? and therefore the same
“natural” frequency. Since o2 is an eigenvalue which may be represented by
an expression of the form (27.82) (with the equality sign) involving integrals
over the whole star, it follows that the local restoring forces that act on a mass
shell when it is displaced from equilibrium are determined not only locally
but also by conditions in the entire star (through the dependence of 62 not
only on £ but also on its derivatives, c¢f. (27.57)).
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It therefore follows, for example, that, even if I'; were less than (4/3) in
some region or mass shell of the star and greater than (4/3) elsewhere, then
that particular mass shell where I'y <(4/3) will be dynamically stable (i.e.,
will experience positive restoring forces if displaced from equilibrium) if the
whole star is, i.e., if o (whose value depends on some average value of I, |
over the whole star) is positive.

It can also be shown that

o’/ =47, (27.87)

where J is the time average (over one period) of the total pulsational kinetic

energy of the star. On the other hand, one can show, by computing the work

done by the pressure and gravity forces when a mass shell is displaced a

distance r{ = &r from its equilibrium position, thatf LLEr?dm = 280, where L
M

is the linear operator defined by (27.57) and (27.78), and 8@ is the total
potential energy of the star in its displaced configuration, with 8 =0
corresponding to the equilibrium state. If I', is constant and greater than
(4/3), it can be shown, moreover, that §&>0 for an arbditrary (but small)
displacement from equilibrium. In the case of sinusoidal, adiabatic
pulsations it turns out that 3®, the time average of 8® over one period, is

S@=(1/4) [ &LErPdm. (27.88)
M

Hence, the physical interpretation of (27.82) (with the equality sign) is simply

that
T =50, (27.89)

or that in the actual star the average kinetic energy is just equal to the average
potential energy, a result that can be proved quite generally, by use of the
virial theorem, for systems executing simple harmonic motion. This last result
is generally known as Rayleigh’s Principle (see, for example, Temple and

Bickley [Te56)).

27.3¢ Numerical Solutions of the Adiabatic Wave Equation

Solutions of the adiabatic wave equation (27.57) have been obtained for
many stellar models, and some of the properties of these solutions for certain
selected models are summarized in Table 27.3 (adapted from Ledoux and
Walraven [Le58, Table 12, p. 473]). In all cases investigated so far in which
I, >(4/3) throughout the major portion of the stellar mass and in which the
surface boundary condition (27.62) is satisfied, &(r) is in the fundamental
mode a monotonically increasing function of r(¢(r)(>0) may be regarded as
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the value of —3&r/r at the instant of maximum contraction, for example),
except possibly for local irregularities in the region of the hydrogen ionization
zone where ]6 T/Tl is very large (cf. Baker and Kippenhahn [Ba65d] and the
comment near the end of Sect. 27.2).

The following features shown in Table 27.3 should be noted: (1) The
dimensionless eigenfrequency o3R*/GM in the fundamental mode generally
increases with increasing mass concentration (as measured by p_/7, the ratio
of central to mean density), but not monotonically. A study of the wave
equation shows that the structure of the envelope (in particular, the behavior
of the effective polytropic index din P/dIn T— 1), as well as the mass concen-
tration, affects the value of the dimensionless frequency, thus accounting for
the non-monotonic feature. It can also be shown, either directly from the
wave equation or from (27.82) (with oz~ X?), that the presence of a zone in
which an abundant element is undergoing ionization will decrease the value
of 6iR*/GM (i.e., increase the period JT for given M and R). The reason for
this is that the value of I'; is decreased below its normal value (say of about
(5/3)) in such a region (¢f. Sects. 9.18 and 27.7a). This decrease in I is a
result of the increased value of the specific heat per unit mass ¢, in such a
region (see (9.93)), which in turn is caused by the increased number of
effective degrees of freedom which an abundant element undergoing ioniza-
tion has (¢f. Sect. 10.7). Note also (¢f. Table 27.3) that the presence of a
convective envelope will tend to decrease g2R*/GM, and hence to increase
1. Further discussion of periods may be found a few paragraphs further on.

(2) To rough order of magnitude,

Crfec~plP (27.90)

(for I'; =(5/3)), where &g/&. is the ratio of the surface value of & to the central
value (£ for the first overtone also obeys (27.90), to the same degree of
approximation). Hence, stars with {; not close to (4/3) and having great
central mass concentration have much larger pulsation amplitudes in the
surface regions than in the central regions. Since most pulsating stars are
giants or supergiants and therefore must be highly centrally condensed if they
are to be in thermal equilibrium, this behavior of ¢ is most relevant for the
question of the source of the instability of pulsating stars.

In particular, the (relatively) small values of the pulsation amplitude in
the central regions implies that the variations in the rate of thermonuclear
energy production are negligible (¢f. Cox {Co35]; Rabinowitz [Ra57];
Ledoux, Simon, and Bierlaire [Le55a]), and therefore that the nuclear sources
can for most types of variable stars have no direct effect on pulsational
stability (cf. Sect. 27.6a). This finding of such small pulsation amplitudes in
the central regions of centrally concentrated stars was the cause of the shift,
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in the last dozen years or so, of interest from the central regions to the outer
stellar layers as being the seat of the mechanism that produces the instability.

(3) The ratio IT, /11, of the first overtone period to the fundamental period
increases as g2R*/GM increases.

(4) In nearly all cases the node of the first overtone occurs for 0.75 < x
(=r/R)<50.85.

It is important to recall here a now-classic paper by Epstein [Ep50].
Epstein replaced u(r) in (27.81) by &(r), the eigenfunction for the mode under
consideration, which he had already evaluated by numerically solving
the differential equation (27.57), and then evaluated the integrand in (27.81)
numerically. The left side of (27.81) then becomes o2, the eigenvalue (see
(27.82)), and the integrand on the right side may then be regarded as a sort of
“weighting function,” whose relative magnitude indicates which parts of the
star give the greatest contribution to ¢, Epstein found that for the fundamen-
tal mode of highly centrally concentrated models, the “weighting function”
had a single strong maximum in the vicinity of x = r/R~0.75 and was very
small in the central regions of the star. Hence, we may say that the period in
the fundamental mode is determined (for centrally concentrated models)
primarily by conditions in the envelope, say around x=0.75, and that the
period is almost independent of conditions in the central regions where most
of the mass is located. In analogy to (27.83) (which applies, strictly speaking,
only for u(r) = const.), then, we may write

o2 = (3L, —4X(—-Q[D), (27.83)

where the average (3I'; —4) is not the average defined in (27.84), but a more
complicated one (which will not be written down explicitly here) whose value
is determined mostly by conditions in the vicinity of x~0.75.

This result, along with the (relatively) small pulsation amplitudes in the
central regions of highly centrally concentrated stars, suggests that stellar
pulsation (at least in giant- and supergiant-like stars) is a fairly superficial
phenomenon affecting (for all practical purposes) only the outer stellar
layers.

This suggestion is strengthened by a consideration of the amount of
pulsation energy possessed by a pulsating star. If the pulsation amplitude is
almost constant in time, we have the result (see (27.87) and (27.89)) that
(1/4)0*J =T =3P, where 7 and 3@ denote, respectively, the average kinetic
energy and average potential energy associated with the pulsations. Since the
total pulsation energy is ¥ =7 +3®, we have

¥=(1/2)0*J =(1/2)0* |ErI*UEP 1PV T, (27.91)
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where [ is the moment of inertia of the star about its center (see (27.5)) and
the brackets denote an appropriate average over the whole star. Setting
o?~X? and using (27.83), we have

Y= (1/2) &R 1PCI— A E17/1ErIPY(— Q). (27.92)

'I_'aking ]éR]zO.OS (the empirical value for most classical cepheids) and
I'1~(5/3), we have
P 1073 |EY/|Er| (- ). (27.93)

A typical value of (]é!zl ]é’ R[’) for centrally concentrated models might be
~107%, say, whence, typically,

Y~1078(-0), (27.94)

so that the pulsation energy of the star is orders of magnitude smaller than
the gravitational energy. For a classical cepheid having a period of a few
days, reasonable values are M~ 5M, — Q2 ~10*%ergs, whence ¥ ~ 10*'ergs,
which is a representative value of the total pulsation energy for classical
cepheids of a few days period. We note that, since <|¢[*/|¢g|*> =1 for the
homogeneous model, we would have ¥~ 107 3(— ) for this kind of model.
Hence it is basically the relatively great central mass concentration of real
stars (particularly giant- and supergiant-like stars) that makes stellar pul-
sations, normally, a rather superficial phenomenon energetically.

A good discussion of the periods of pulsating stars has been provided by
Christy, who emphasizes (as is well known by workers in the field) that non-
adiabatic and non-linear effects have very little influence on the periods (¢f.
Sect. 27.5b and Christy [Ch66b]). Hence, the periods can be computed quite
reliably from linear adiabatic theory.

In particular, as is pointed out by Christy, the general increase in the
value of the pulsation “constant” Q = I1./p/po as one goes up the “in-
stability strip” (roughly the oval region enclosed by dashed lines in Fig.
27.1), can be understood on the basis of this theory (see the last row in Table
27.2). This increase in the value of @ with increasing luminosity L and
decreasing effective temperature 7, is mostly a result of the approach, as L
increases and as T, decreases, of the region of 50 per cent He”* ionization in
the envelope toward the “critical” region of the envelope (characterized by a
fractional geometrical radial distance x = r/R=0.75) where the period of the
star is mostly determined. This region of 50 per cent He™ ionization has in
most cases a temperature close to 4 x 10%°K and is characterized by a fairly
small value of I'; (see Sect. 9.18 and (27.7a)); and the closer this region is to
the “critical” region in a star of given mass M and radius R, the longer the
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period (i.e., the larger the Q value) will be (see the discussion a few paragraphs
back involving (27.83")).

The temperature in the “critical” region (at x=0.75) is given approxi-
mately by the formula (see (20.116))

M
T (11-1.8)x 10°— K, (27.95)

where M and R are in solar units, a value of 0.6 for the mean molecular
weight in the envelope has been assumed, and radiation pressure has been
neglected. The lower limit (1.1 x 10%) corresponds to a value of 1.5 for the
effective polytropic index n, in the envelope (this case approximates a con-
vective envelope), and the upper limit (1.8 x 10°) to the value n, = 3 (this case
approximates a radiative envelope). For M = 5 and R = 40 (typical values for
a classical cepheid of a few days period), we have T,,;,~(1.4—2.2) x 10°°K,
so that the critical region lies considerably below the region of 50 per cent
He™ ionization in this case and, in fact, in almost all cases of interest (possible
exceptions might be the long period variables (see Fig. 27.1), which are
characterized by enormous radii).

Both increasing L and decreasing T, are equivalent to increasing R, and
hence, by (27.95), to decreasing T, to a value closer to the temperature
(x4 x10*°K) in the region of 50 per cent He™* ionization, thus explaining
most of the effect. Convection in the envelope, which tends to set in at
sufficiently large values of R (see Sects. 20.5 and 23.5), also tends to increase
the period (see Table 27.3 and the accompanying discussion).

27.4 Linear Non-Adiabatic Radial Oscillations
and Pulsational Stability

We now restore the non-adiabatic terms which were dropped in Sect.
27.3, but we still consider only purely radial motion and we again neglect
viscous stresses (see Sect. 27.6d). Since the system is now no longer conser-
vative, we can expect to find solutions with complex frequencies, i.e., with
secularly increasing or decreasing pulsation amplitudes, and we can therefore
now investigate the question of pulsational stability in stars. In this section
we shall discuss the general problem of pulsational stability largely from a
physical standpoint; a more formal discussion will be presented in Sect. 27.5b.

We must now deal with the full energy equation (27.17), which may be
written as

(27.96)

OlnP__0Olnp (I3—1)p oH
o o TP \Sam)
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or in linearized form as

o (8P\_ . 0[50\ (Ii—1)p.[ oH
a‘t('ﬁ)‘rla“x<7)+’—ﬁ“—8(e"ﬁ , (27.97)

where we are again dropping zero subscripts from the equilibrium quantities.
We note (see (9.93)) that the last term in (27.97) can also be written as

xre—OH[Om)
ey T ’

where xy is defined in (9.81) and is generally of order unity. This last term in
(27.97) is seen to be, approximately, the ratio of the net rate of gain of heat
per unit mass to the internal energy per unit mass, and thus defines a time
scale which is of the order of the time required for a mass element to lose (or
gain) an appreciable fraction of its internal energy. If we regard both numer-
ator and denominator of this term as integrated over the whole stellar mass,
then this time ought to be of the general order of magnitude of # , the Kelvin
time (see Sect.17.4). On the other hand, the time scale associated with the
pulsations is IT, the pulsation period (see Sect. 27.1). Hence, for the star as
a whole, we might expect the ratio of the second to the first term on the right
sides of (27.96) or (27.97) to be of the general order of magnitude of 17/t
which was shown in Chap. 0 to be, generally, many orders of magnitude
smaller than unity for ordinary stars.* 1t is for this reason that the direct
effects of the non-adiabatic terms are very small for the star as a whole,
and that the theory of adiabatic oscillations gives such a good overall
picture of the gross dynamical features, in particular the periods, of
pulsating stars.

In the outermost stellar layers, however, where P/p (proportional to
temperature T in the case of a perfect gas equation of state) may become very
small, it is clear that 8(e— 0H/0m) must also become very small if 0(8P/P)/0t
and 9(8p/p)/0t are to have reasonable values. Since ¢ = 0 in the outer stellar
layers, it follows that O(3 H)/Om must become small, i.e., that 8 must be
almost constant in space, in the surface regions. Physically, 8H must be
nearly constant in space in the outer regions because of the very small heat
capacity of these cool, outer layers. We may say that the flux variations
become almost “frozen in” (in space); hence dg/dt becomes very small, so
that the pulsations are almost ‘‘adiabatic” in this sense, but the adiabatic
relation between 8P/P and 8p/p is not valid here. In the outer stellar layers,
then, the two terms on the right side of (27.97) should be of comparable

* For exceptions to this statement, see Sect. 26.2b.
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magnitude, and it is accordingly in these outer layers that the non-adiabatic
terms may have a direct effect on the puisations.

The small gains and losses of heat throughout the body of the star will,
however, have an important indirect effect on the pulsations, in that they will,
in general, cause the pulsation amplitude to change slowly with time. The
e-folding time for the change in amplitude ought, moreover, to be of the
general order of magnitude of #¢/II periods, i.e., of the general order of #.
We shall see in Sect. 27.5b that this result is correct to within a few orders of
magnitude.

The slow, secular change in pulsation amplitude arises essentially from
the phase shift between the relative pressure and density variations 3P/P and
dp/p introduced by the time derivatives in (27.97). In the case of perfectly
adiabatic oscillations 8P and &p are exactly in phase with each other: maxi-
mum pressure occurs precisely when the density is greatest. The last term in
(27.97), however, which may be regarded as the non-adiabatic contribution
to the relative pressure variation and which is proportional to the net rate of
gain of heat per unit mass, is approximately 90° out of phase with dp/p if 8¢
and O(3H)/Om are approximately in phase with +8p/p. At maximum com-
pression, then, when 0(Sp/p)/0t =0, O(8P/P)/0t#0 since the last term in
(27.97) is in general non-zero at this instant, and maximum pressure will not
coincide with maximum density. This phase shift between 8P/P and Sp/p is
very small throughout the main body of the star, perhaps of the general order
of magnitude of IT/t, radians; over many periods, however, it can lead to
important effects.

More specifically, let us assume that all relative variations have a time
dependence of the form ¢*, where w is constant and almost purely real, with
only a very small imaginary part. Assuming that w#0, then, (27.97) becomes

%’=rl§f—-’é——@ Pl)"zs(e—gir:). (27.98)

We see from (27.98) that, if an element of mass is gaining heat at the instant
of maximum density (i.e., if 8(¢—0H/0m)>0 when 8p/p = (8p/p)max)> then
the phase shift in P is a lag, i.e., maximum pressure occurs gfter maximum
density. If the element of mass is losing heat at maximum compression, then
maximum pressure occurs before maximum compression. Since the restoring
force on an element of matter when it is displaced from its equilibrium posi-
tion in the star is determined in part by the pressure variation, it follows
that the restoring force will in general not be exactly in phase with the dis-
placement. We shall show later in this section that the only part of the
restoring force which is of interest to us here is the part involving P itself.
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Hence we may say, loosely speaking, that the “restoring force” lags maximum
displacement (positive or negative) if maximum pressure Jags maximum
density.

We may note that, if the non-adiabatic contribution to the pressure
variation (second term on the right side of (27.98)) is always just 90° out of
phase with the displacement (i.e., if the net rate of gain of heat 8(e — 0 H/0m)
is always in phase with +8p/p), then the non-adiabatic effects are practically
zero at maximum or minimum density, when (very nearly) the restoring
forces are largest. Hence, in this case we expect the non-adiabatic terms to
have practically no direct effect on the pulsation period /7. However, since
&(e — ©H/[0m) in general dependson 8T/ T as well as on 8p/p, and since 3T/ T will
also in general not be exactly in phase with 8p/p, it follows that (e — 0 H/0m)
will not be exactly in phase with + 8p/p, and hence that the non-adiabatic
part of P/ P will not be exactly 90° out of phase with +8p/p. There will then
exist a non-vanishing non-adiabatic contribution to 8P/P at maximum and
minimum density. This non-adiabatic contribution to 8 P/P at minimum and
maximum density will directly affect the restoring forces and accordingly
influence the pulsation period. Because, however, of the smallness of the
phase shift between 8 P/P and 3p/p throughout most of the mass of the star,
O(¢— 0H/0m) will in fact be very nearly in phase with +3p/p throughout most
of the star. The direct effect of the non-adiabatic terms on the pulsation
period is therefore expected to be quite small in a real star.

We may also note on general grounds that restoring forces which are not
in phase with the displacements will in general lead to phase shifts in the
displacements of mass shells in different parts of the star. Non-adiabatic
oscillations therefore cannot in general be strictly standing waves; there must
always be a (possibly small) running wave component, and the system never
at any time in the cycle ever passes precisely through its equilibrium state. It
turns out, however, that the running wave component is actually small,
particularly in the deep interior, and that the motion of the mass shells is
practically synchronous except possibly in the extreme outermost layers (at
small optical depths in the continuum, ¢f. Christy [Ché4c,66a]).

The simplest mechanical analogy to the (small-amplitude) non-adiabatic
pulsations of a star is accordingly a linear simple harmonic oscillator in which
the restoring force is not exactly in phase with the displacement. Mathemati-
cally, we may say that the ““force constant™ is not purely real, but that it has a
small imaginary part. It can easily be seen from elementary considerations
(and also intuitively) that a restoring force which Jags maximum displace-
ment by a small amount will lead to a secular increase in the amplitude of the
oscillations, ie., to “excitation” of oscillations or to “overstability” in
Eddington’s terminology; whereas a restoring force which /eads maximum
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displacement will lead to a secular decrease in the oscillation amplitude, i.e.,
to “damping” of oscillations.

The analysis of the linear harmonic oscillator with a complex force
constant shows also that the question of whether the oscillations are ‘“‘ex-
cited” or “damped” can be answered, without actually solving the equation
of motion, in the following way. Suppose that the oscillator is assumed to
move periodically, i.e., to have exactly the same displacement on both “sides”
of equilibrium and to return precisely to its initial displacement after one
complete oscillation to and fro. One then computes the net work W done on
the system by the restoring forces around a complete (closed) cycle. If W>0
(as will be the case if the restoring force Jlags maximum displacement by a
small amount), then we can conclude that our assumption of perfectly
periodic motion was incorrect. Actually, the system will slightly “overshoot”
its original displacement after the complete swing, and the work W that was
computed as if the motion were perfectly periodic will have in fact gone into
oscillation energy, resulting in an increase in the oscillation amplitude and
hence in the total oscillation energy. If the time dependence of the displace-
ment is given by €, where w = + o+ ik (o, k real), the analysis of the linear
harmonic oscillator shows that

w 4nx
if |/o| <1, where W is the work done on the system by the restoring forces
around a complete, closed cycle and ¥ =27 is the total oscillation energy
(kinetic plus potential), also computed as if the motion were perfectly
periodic. If W>0, then k<0, and the time dependence e®™-e~** of the
displacement of the oscillator (where ¢ = 2x/II, IT = period) shows that the
oscillations are excited in this case. The more general analysis of Sect.27.5b
confirms the validity of an equation similar to (27.99) for pulsating stars, at
least when I;c/al<<l , where ¥ is in this case the total pulsation energy of the
star and W is the total work done on the star by all forces around a complete
(closed) cycle.
We note that we may also write (27.99) in the form

— _1Ldwids)

5 g (27.100)

where {(dW/dt) = W/II is the average rate (over one period) at which the
(restoring) forces do work on the system and where we have used the relation
¢ =2n/Il. Note that the e-folding time for the oscillation amplitude is
Ty = l/lxl. The factor (1/2) in (27.100) takes into account the fact that the
oscillation energy varies as e™ 2"
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The above ideas can be carried over directly to the case of a pulsating star.
According to these ideas, the crucial quantity of interest in connection with
the question of pulsational stability is (dW/dr), the average (over one
period) of the rate at which all forces do work on the system, computed as if
the motion were perfectly periodic. Considering only gravity and pressure
gradient forces and purely radial motion, the rate at which these forces do
work on the entire star is clearly given by*

aw Gm 2 OPY.
w_ (—72——41” a—m—)rdm (27.101a)
M
_d Gmdm 20P .
= a[ '[—-—r-——:'—jainr 57nrdm’ (27.101b)
M M

where m is the mass interior to a sphere of radius r, = 0r/0t is the velocity of
this spherical surface, and the quantity in square brackets in (27.101b) is £,
the gravitational potential energy of the star (cf. Sect. 17.1). The integrations
are extended over the entire stellar mass M. We may integrate the second
integral on the right side of (27.101b) by parts, as follows:

M 2°
+ J. P D i, (27.102)
o om

- j4nr2%?dm= —4nr’rP

where the integrated term vanishes at both limits of integration if P =0 at
the stellar surface (at m = M). We note from the mass equation (27.12), how-

ever, that
o1\ ofo@nr’/3)] o@nr’s)
“{2)l=_ = . 7.

a:(,;) at[ Om om (27.103)

Assuming that P =0 at m = M, then, (27.101b) becomes

dw d Gmdm 0/1

e - === —{ - 27.104

dt dt[ J. r ]+J.P0t(p)dm’ (27.104)
M M

where PO(1/p)/0t is the rate per unit mass at which the pressure forces in a
given elementary mass shell do work on its surroundings. The integrated term
is, physically, just the rate at which the pressure forces at the stellar surface do
work on the star, and this rate is clearly zero if the surface pressure vanishes,
as we shall always in this chapter assume is the case.

* We do not include in this the work arising from expansion or compression of the mass

M
shells; hence, it is clear (cf. Sect. 9.7) that dW/dr = (d/de) [ (1/2)r2dm.
0
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When we integrate (27.104) over a complete period I7, assuming per-
fectly periodic motion, it is clear that the first term on the right, arising from
purely conservative gravitational forces, vanishes. We then have

n

n
dw 1 (dw 1 o1
0 M

[

where the time integration is to be computed as if the motion were perfectly
periodic. (If the actual motion is almost periodic, then (27.105), evaluated with
the actual time behaviors of P and p, will differ only negligibly from the
result obtained by assuming perfectly periodic motion.)

We note that, since Ig(dq/dt)dt = jgp[au /p){0tldt for a completely
closed cycle, it follows that

i

aw\ 1 dg

0 M

where the quantity on the right side is the average net rate at which the whole
star would be gaining heat if this heat were not being transformed into
pulsation energy. Thus, if {d W/d¢) >0, for example, then the pressure forces
are doing positive work on the star, and (27.106) just says that this work must
be supplied by some energy source in the star, such as the thermal, nuclear, or
gravitational energy.

The important result (27.105) leads to the following simplified picture of
pulsational stability. We can treat each elementary mass shell as if it were
independent of all the other shells, and can simply compute §Pd V, the net
work which that mass shell does on its surroundings around a complete
cycle (assumed essentially closed). Here P is the total pressure in the mass
shell and ¥ is the volume of that particular shell. We are thus treating each
elementary mass shell as if it were an isolated Carnot-type heat engine. If
§PdV>0 for that mass shell, we may say that that shell is “driving;” if
§PdV<0, we say that the shell is “‘damping.” If the net effect of all the
““driving” regions (where §Pd V> 0) predominates over that of all the “damp-
ing” regions (where §Pd V'<0),i.e.,if the sum of the §PdV’s over all mass
shells in the entire star is positive, then the star is unstable, and conversely
(cf. Sect. 27.8).

It is important to bear in mind that the mass shells referred to in this
discussion must be, strictly speaking, infinitesimal shells. These ideas may be
misleading if they are applied to a finite mass shell so thick that physical
conditions change appreciably throughout the shell.
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It is now easy to state the criterion for deciding which regions in a star
will be “driving” regions and which will be ‘““damping” regions. Consider a
P-V plot for a given elementary mass shell, and consider the instant of
maximum compression (minimum volume V) for that shell, when &1np/dt =0.
The energy equation (27.96) reads, at this instant,

OlnP (I3-1)p 0H\ (I3-1)pdg
=P \wmlTT a4 (27.107)

If dg/d¢> 0 at this instant, i.e.,if the shell is gaining heat, then 0 In P/0t>0 and
the pressure maximum will clearly come after minimum volume. Assuming a
sinusoidal type motion, then, it is clear that P will be Jarger during the expan-
sion of the shell than during the contraction, and that {)m==PdV > — [}ymapdy’.
Hence the motion of the representative point for the shell on the P-V
plane will be clockwise, and {)PdV > 0, i.e., the shell is doing positive work
on its surroundings around a cycle. Conversely, the motion of the represen-
tative point on the P-V plane will be counterclockwise for a shell in a “damp-
ing”’ region, i.e., for a shell in which dg/d# < O at the instant of minimum vol-
ume (see Fig. 27.12 below). We may then state the following criterion for
distinguishing between “‘driving” and “damping” regions, for motion which
is sinusoidal or near sinusoidal: A region which is gaining heat at maximum
compression is a driving region, and a region which is Josing heat at maximum
compression is a damping region. We note that this criterion is independent
of any assumptions regarding the energy transfer mechanism, and therefore
is quite general. Again, this criterion may be misleading if applied to regions
in the star which are too thick.

We note that our simplified picture of regarding the star as made up of
many elementary, independent Carnot type heat engines, while giving the
correct result as far as the overall stability of the star is concerned, is actu-
ally incorrect in a “local” sense. The reason is that the assumption (made in
the linear theory) that all pulsation variables have a time dependence of the
form €= e*™" . ¢~* (g,x real constants) means that we are assuming the
force constant, albeit complex for non-adiabatic oscillations, to be the same
for every mass element in the entire star. Consider, for example, the case
k<0, which is the case of a secularly increasing pulsation amplitude. A
negative x implies that the sum of all the §Pd V’s over the whole star is
positive, although some §Pd V’s are positive and some are negative. By
comparison with the example of a linear harmonic oscillator with a complex
force constant, we conclude that, in this case of ¥ <0, the toral restoring
force, for every mass shell in the star, must actually Jag maximum displace-
ment (positive or negative) by a small amount. This means that every single
mass shell in the entire star must actually be contributing positively to the
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driving, even those shells for which §PdV<0. This apparent paradox is
resolved by recalling that §Pd ¥V is not the total work done around a cycle by
all restoring forces acting on an elementary mass shell. In the derivation of
(27.105) a term appeared which vanished upon integration over the whole
star. If this term were to be added to §PdV for each elementary shell, it
would be found that the total work done by all the restoring forces* acting
on each mass shell would be positive in this case of x <0. There is thus no real
paradox, and the work represented by this extra term sums to zero (for
vanishing surface pressure) over the whole star.

We see in this way that a “‘driving” region, for example, does not
necessarily actually produce driving only locally, and therefore does not try
to induce “local” instability only in the *““driving’ region itself. The effects of
both ““driving” and “damping” regions must be considered, from the present
standpoint, as actually distributed throughout the whole star.

We note that we did not restrict ourselves to the linearized equations in
obtaining (27.105). This equation therefore applies in the case of non-linear,
as well as of linear, periodic oscillations. Most of the discussion following
(27.105) also applies to the case of non-linear oscillations, provided that they
are near sinusoidal. To obtain the form of (27.105) appropriate for the linear
theory, we must evaluate this equation to second order in small quantities,
since the right side of (27.105) obviously vanishes to first order for sinusoidal
motion. We write

11 3o\ 1 ( 6p) 6(1) 1 a(ap) 5P
—=—{1+—") ~m—|1-F), =|Z)x——=[ZL), P=P,[1+=),
P Po( Po) Po Po ot\p Po 0t\ po 0 Py

where the variations are Lagrangian variations and zero subscripts refer to
equilibrium quantities. To second order accuracy, then, we have

p?_(l)__l’g£<§£)_&§£i(80
ot\p PoOt\py) po Py 0t\p,
Py 0 5P\5p 1 5p>2
=——= {1+ | =—c ol —
Poat[< Po)Po 210 (Po

8p oH
+(F3"1)o;;8<3—%‘),

where we have made use of the linearized energy equation (27.46). Assuming
the system to return precisely to its original state after a period I7, we obtain,

* See the preceding footnote.
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using the above relation in (27.105), for the average rate of work, over one
period, done by all (gravity and pressure gradient) forces on the whole star

(b fofori-Be.

where we have now dropped zero subscripts from equilibrium quantities. It
can easily be shown (see Baker and Kippenhahn {Ba62a], Appendix C) that
(27.108) is exactly equivalent, for a star which returns precisely to its original
state after a period II, to Eddington’s [Ed26, Chap. 8] expression for the
dissipation derived on the basis of the constancy of entropy for such a system
at the two times t =0 and t =11

For a time dependence of the pulsation variables of the form €', where
 is assumed to be purely real in the evaluation of (27.108), we may write

8_p = (ﬁe) eimt = (_8—p_)
p P Jsp P Jsp

oH OH\ o |+, 0H
oeim)o (i) ),

where ¢, and ¢, are the phases (in general not constant throughout the star
in the case of non-adiabatic oscillations) of the space parts, (5p/p),, and
3(s—0H/0m),,, respectively, of the corresponding variations. Using only the
real parts of these variations in (27.108) and carrying out the integration over

time, we obtain
S (g - a_l_2>
omJ/,

aw\ _1( . . |f%
(&) feo3),
M
=—21—Re[ j (F3—1)(—5;)E>sp8(e-g—z—)spdm], (27.111)
M

where an asterisk denotes the complex conjugate and Re() means the real part
of the quantity in parentheses. Equation (27.111) may be used in (27.100) to
evaluate x, the stability coefficient for the star, and hence the e-folding time
14 = 1/« for the pulsation amplitude. The total pulsation energy of the star,
in the case of periodic or near periodic motion, is (¢f. Sect. 27.3c)

v=27 =(1/2)6J, (27.112)

exp[i(wt+4,)], (27.109)

expli(wt+ 4], (27.110)

cos( g, — $,)dm

where J is the oscillatory moment of inertia (see (27.80)). A more general and
rigorous derivation of (27.100) and (27.111) will be given in Sect. 27.5b.
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27.5 Mathematical Problem of Linear,
Non-Adiabatic Radial Pulsations

The general problem of pulsational stability in stars was discussed from
a largely physical standpoint in Sect. 27.4. In this section we approach the
problem from a more formal standpoint. We still assume purely radial motion
and neglect viscous stresses.

There are at least two general approaches for dealing with the mathe-
matical problem in the linear theory. On the one hand, one may attempt a
direct integration of the full set of linearized, non-adiabatic pulsation
equations (see Sect. 27.2), using numerical methods.* On the other hand, one
may make use of integral expressions to examine the pulsational stability of
a stellar model. In these integral expressions various degrees of approxi-
mation to the solution of the pulsation equations may be used.

Up until recent years, the second general approach has been followed
almost exclusively (see Ledoux and Walraven [Le58] and Rosseland [Ro49]
for general reviews of some of these methods). Only in recent years have
attempts been made to combine the two approaches (¢f. Zhevakin [Zh63]
(and references given therein); Baker and Kippenhahn [Ba62a,65d]; Cox
[Co63]). We shall discuss in Sect. 27.5a these attempts in which the two
approaches are combined. In Sect. 27.5b we shall obtain integral expressions
for the eigenvalues, following largely the approach of Ledoux [Le63).

We may mention a third, more recent, approach to the problem. This
approach employs the techniques described in Sect. 21.7 for treating the
non-linear oscillations of stars, only considering the case where the oscillations
are so small that they are essentially linear (see the introduction to this
chapter and Sect. 27.8).

27.5a Direct Integration of the Linearized, Non-Adiabatic Pulsation Equations

In this approach one assumes that all pulsation variables have a time
dependence of the form e, where w, a constant, is in general complex:

w=0o+ix. (27.113)

Here o =2nr/IT is the angular pulsation frequency and « is the stability
coefficient: the pulsations are damped or excited according as k is positive or
negative.

When the time factor €™ has been substituted into the five basic
linearized equations (the mass, momentum, energy, flux, and energy gener-

* In the case of a sufficiently simple system, such as a “one zone model,*” analytic solutions
may be obtained. Cf. Baker [Ba66b].
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ation equations), these equations then involve only one independent
variable, namely the Lagrangian spatial variable x=r/R (we are dropping
zero subscripts from equilibrinm quantities), and the equations are then
ordinary differential equations. If the flux equation involves only first order
derivatives of temperature 7, then the four linearized differential equations
are each of the first order in x, and the system is of the fourth order, linear,
and homogeneous. In the case of non-adiabatic oscillations, however, the
phases of the variations are not constant throughout the star, and each
variation must be treated as a complex variable. In real variables, then, the
linearized system of equations is of the eighth order. The constants of the prob-
lem are the eight constants of integration and ¢ and , the real and imagi-
nary parts of the complex frequency . When the differential equations are
applied to a complete equilibrium stellar model (whose structure is assumed
known) of given luminosity L, mass M, and radius R, boundary conditions
at center and surface determine, in principle, eight of these ten constants. The
remaining two constants are arbitrary in the linear theory, and they may be
taken, for example, as the phase and amplitude of the surface value of the
space part £=(0r/r),, of the relative radial variation. The problem is still an
eigenvalue problem, and the eigenvalues are o and «. Definite values for them
are determined for each mode of oscillation, in principle, by the boundary
conditions. If the eigenvalue problem were to be solved completely, then the
resulting value of k would determine the pulsational stability of the model.
The evaluation of x as an eigenvalue has not, however, actually been carried
out to date, in part because satisfactory equilibrium models for pulsating
stars have become available only recently (see Sects. 26.4 and 27.7¢). More-
over, simpler methods are available for evaluating x (cf. later in this sub-
section).

It is possible to combine the four differential equations into a single
complex differential equation of the fourth order, but the resulting equation
is not of the simple form L& = ¢, where L is a linear operator (see Sect.
27.3). Hence the eigenvalues are not eigenvalues of a Hermitian operator,
and so they do not possess the minimal character which the eigenvalues of the
adiabatic wave equation do. Consequently, in using integral expressions for
the eigenvalues (see Sect. 27.5b), it is necessary to use fairly accurate trial
functions in these expressions if reasonably accurate values of the eigenvalues
are to be obtained.

As reasonable general boundary conditions, we may demand that all
pulsation variables and their derivatives, to as high order as we require, shall
remain finite at center and surface. For example, the relatively small values
of P, p, T,and P/pat astellar surface lead to (27.61) as a reasonable surface
boundary condition for the relative pressure variation 8P/P. This condition
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insures that &(6.P/P)/0x will not be extremely large at x = 1 and also insures
good reflection of long sound waves back into the stellar interior. The
requirement that the last term in the energy equation (27.98) shall not be
large compared to the other terms in the equation at the stellar surface leads
to the condition that O(3 H/H)/0x be very small here. In the limiting approxi-
mation of vanishing surface pressure, the last condition becomes

0BH/H)[ox=0atx=1. (27.114)

If it is assumed, moreover, that p =0 at x =1, it can be shown (see, e.g.,
Ledoux and Whitney [Le61a}) that, also,

0*(BH/H)[ox* =0atx=1. (27.115)

Alternative (and more realistic) surface boundary conditions for 8 H/H have
been discussed by Unno [Uné5] and used by Baker and Kippenhahn {Ba65d].
In any case, however, S H/H should not vary strongly with position in the
immediate surface regions (however, see Baker and Kippenhahn [Ba62a,
65d)).

As the deep interior is approached, the pulsations must become ‘““‘quasi-
adiabatic,” i.e.,

P 8

- —p‘_’ (27.116a)
and

ST 8

s _>(r,_1)?”, (27.116b)

i.e., the second term on the right side of (27.98) must become very small.
Because the denominator of this term increases essentially as the total
pressure P, which in turn increases very rapidly as the interior is approached,
the conditions (27.116), along with the surface conditions (27.61) and (27.114)
(or its equivalent), can serve to select the right solutions (for given ¢ and )
to high accuracy even rather far out in the star (say where T~ (1 —2) x 10° °K).
Hence all of the constants of the problem, with the possible exception of
and k, can be determined to high accuracy without any information at all
from the deep interior. This is why considerable progress on the problem of
cepheid instability, for example, was possible before complete equilibrium
models for cepheids were available. In view of Epstein’s work (¢f. Sect.
27.3c), the value of o is also determined (at least in the case of adiabatic
oscillations, and almost certainly also for non-adiabatic oscillations), for
centrally concentrated models, essentially by the properties of the stellar
envelope and is almost independent of conditions in the central regions of the
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