
13.1.1 Thermodynamic Inference: Lognormal Poisson Model

I P(s) = G(s, S)

I λ(s) = κ es

I P(dx|λx) = (λx)dx
e−λx

dx!

⇒ H(d, s) =̂
1
2

s†S−1s− d†s + κ†es

∼
U (m, D) = 〈H(d, s)〉G(s−m,D)
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∼
U (m, D) =

1
2
〈s†S−1s〉G(s−m,D) − d†〈s〉G(s−m,D) + κ†〈es〉G(s−m,D)

〈s〉G(s−m,D) = m

〈esx〉G(s−m,D) =

ˆ
DϕG(ϕ, D)emx+ϕx

= emx
ˆ
Dϕ

exp
(
−1

2ϕ
†D−1ϕ+ j†ϕ

)
|2πD|1/2

with jy = δ(y− x)

= emx
e

1
2 j†Dj

= emx+ 1
2 Dxx



13.1.1 Thermodynamic Inference: Lognormal Poisson Model

⇒
∼
U (m, D) =

1
2

m†S−1m +
1
2

Tr(DS−1)− d†m + κ†em+ 1
2 D̂

∼
SB (D) =

1
2

Tr(1 + ln(2πD))

∼
G (m, D) =

∼
U (m, D)− T

∼
SB (D)

=
1
2

m†S−1m +
1
2

Tr(DS−1)− d†m + κ†em+ 1
2 D̂ − T

2
Tr(1 + ln(2πD))
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∼
G (m, D) =

1
2

m†S−1m +
1
2

Tr(DS−1)− d†m + κ†em+ 1
2 D̂ − T

2
Tr(1 + ln(2πD))

Mean map:

δ
∼
G (m, D)

δm
= S−1m− d + κ em+ 1

2 D̂ !
= 0

⇒ m = S(d − κ em+ 1
2 D̂)

Uncertainty dispersion:

D = T
(

δ2G
δmδm†

)−1

= T
(
δ

δm
(S−1m− d + κ em+ 1

2 D̂)

)−1

= T
(

S−1 + κ̂em+ 1
2 D̂
)−1



13.1.2 Gibbs Free Energy & Variational Inference

∼
G (m, D) = 〈 H(d, s)︸ ︷︷ ︸

=− lnP(d, s)

+ lnG(s− m, D)︸ ︷︷ ︸
=−SB

〉G(s−m,D)

=

ˆ
DsG(s− m, D) ln

G(s− m, D)

P(d, s)

=

ˆ
DsG(s− m, D) ln

G(s− m, D)

P(s|d)
− lnP(d)

=̂

ˆ
DsG(s− m, D) ln

G(s− m, D)

P(s|d)

=

ˆ
Ds
∼
P(s|

∼
d) ln

∼
P (s|

∼
d)

P(s|d)
, with

∼
d= (m,D)

= DKL(
∼
P(s|

∼
d)||P(s|d))



13.1.2 Gibbs Free Energy & Variational Inference

∼
G (m, D) =̂ DKL(

∼
P(s|

∼
d)||P(s|d))

minimize DKL(
∼
P(s|

∼
d)||P(s|d)) w.r.t.

∼
d

Gibbs free energy minimization = variational inference (VI)

minimize DKL(P(s|d)||
∼
P(s|

∼
d)) w.r.t.

∼
d

Optimal coding = expectation propagation (EP)



13.2 Operator Calculus for Information Field Theory

〈f (s)〉G (s−m,D) = ?

〈s〉G (s−m,D) =

ˆ
Ds s G (s− m,D) =

ˆ
Ds

s e(s−m)†D−1(s−m)

|2πD|
1
2

Observation:

d
dm

G (s− m,D) = D−1(s− m) G (s− m,D)

⇒ (D
d

dm
+ m) G (s− m,D) = s G (s− m,D)
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(D
d

dm
+ m) G (s− m,D) = s G (s− m,D)

⇒ 〈s〉G (s−m,D) =

ˆ
Ds

(
D

d
dm

+ m
)

G (s− m,D)

=

(
D

d
dm

+ m
) ˆ

Ds G (s− m,D)

=

(
D

d
dm

+ m
)
〈1〉G (s−m,D)︸ ︷︷ ︸

=1

= 0 + m

⇒ 〈sn〉G (s−m,D) =

(
D

d
dm

+ m
)n

1



13.2 Operator Calculus for Information Field Theory

I field operator: Φ := D d
dm + m

I vacuum vector: 1 : m 7→ 1
I f (s) =

∑∞
i=0 λisi

〈f (s)〉G (s−m,D) =

∞∑
i=0

λi
〈
si〉

G (s−m,D)

=

∞∑
i=0

λi
〈
Φi〉

G (s−m,D)

=

∞∑
i=0

λiΦ
i1 = f (Φ) 1



Annihilation and Creation Operator

I field operator: Φ := D d
dm + m = a + a+

I annihilation operator: a := D d
dm , ax = Dxy d

dmy

I creation operator: a+ := m, a+x = mx

Canonical commutation relations:

[a+x, a+y] X(m) = (mxmy − mymx) X(m) = 0

[ax, ay] X(m) =

(
Dxz d

dmz Dyz′ d
dmz′ − Dyz′ d

dmz′ Dxz d
dmz

)
X(m)

= DxzDyz′
(

d2

dmzdmz′ −
d2

dmz′dmz

)
X(m)︸ ︷︷ ︸

=0

= 0



Annihilation and Creation Operator

I field operator: Φ := D d
dm + m = a + a+

I annihilation operator: a := D d
dm , ax = Dxy d

dmy

I creation operator: a+ := m, a+x = mx

Canonical commutation relations:

[ax, a+y] X(m) = Dxz d
dmz [my X(m)]− myDxz d

dmz X(m)

=

Dxz
[

dmy

dmz

]
︸ ︷︷ ︸

11y
z

+ Dxzmy d
dmz − myDxz d

dmz︸ ︷︷ ︸
=0

 X(m) = Dxy X

[a+x, a+y] = [ax, ay] = 0, [ax, a+y] = Dxy



Illustration 1

I Φ := D d
dm + m = a + a+

I a := D d
dm , ax = Dxy d

dmy

I a+ := m, a+x = mx

I 1 := 1(m)

Illustration 1:

〈sxsy〉G (s−m,D) = ΦxΦy1

= (ax + a+x) (ay + a+y) 1

= (axay + a+xay + axa+y + a+xa+y) 1

=
(
0 + 0 + a+yax + [ax, a+y] + mxmy) 1

= Dxy + mxmy



Illustration 2

Illustration 2: 〈
esx〉

G (s−m,D)
= eΦx

1 = eax+a+x
1

Baker-Campbell-Hausdorff (BCH) formula:

eXY =
∞∑

n=0

[X,Y]n eX

with [X,Y]n = [X, [X,Y]n−1] and [X,Y]0 = Y
In case [X, [X,Y]] = 0:

eXY = Y eX + [X,Y] eX

eX+Y = eX eYe
1
2 [X,Y]



Illustration 2

I X = ax

I Y = a+y

eax
a+y = a+yeax

+ [ax, a+y] eax
= a+yeax

+ Dxyeax

eax+a+y
= ea+y

eax
e

1
2 [ax,a+y] = ea+y

eax
e

1
2 Dxy

⇒
〈
esx〉

G (s−m,D)
= eax+a+x

= ea+x
eax

e
1
2 Dxx

1

= emx+ 1
2 Dxx

(1 + ax +
1
2

(a2)x + . . .) 1

= emx+
1
2 Dxx



Illustration 3

Illustrations 3: 〈
esx

esy〉
G (s−m,D)

= eΦx
eΦy

1

= eax+a+x
eay+a+y

1

= ea+x+ 1
2 Dxx

eax
ea+y+ 1

2 Dyy
eay

1

= ea+x+ 1
2 Dxx+ 1

2 Dyy
eax

ea+y
1

⇒ [eax
, ea+y

] = eax
ea+y − ea+y

eax

= eax+a+y+ 1
2 Dxy − eax+a+y− 1

2 Dxy

= eax+a+y
(

e
1
2 Dxy − e−

1
2 Dxy
)

= ea+y
eax

e
1
2 Dxy

(
e

1
2 Dxy − e−

1
2 Dxy
)

= ea+y
eax (

eDxy − 1
)



Illustration 3

⇒ [eax
, ea+y

] = ea+y
eax (

eDxy − 1
)

eax
ea+y

= ea+y
eax

eDxy〈
esx

esy〉
G (s−m,D)

= ea+x+ 1
2 Dxx+ 1

2 Dyy
eax

ea+y
1

= ea+x+ 1
2 Dxx

eDxy
ea+y+ 1

2 Dyy
eax

1

= emx+ 1
2 Dxx

eDxy
emy+ 1

2 Dyy



Illustration 4

〈
esx

sy〉
G (s−m,D)

= eΦx
Φy1

= eax+a+x (
ay + a+y) 1

= ea+x+ 1
2 Dxx

eax
a+y1

⇒ [a+y, eax
] = [a+y,

∞∑
n=0

(an)x

n!
]

=
∞∑

n=0

1
n!

[a+y, (an)x]



Illustration 4

⇒ [a+y, eax
] =

∞∑
n=0

1
n!

[a+y, (an)x]

=

∞∑
n=1

1
n!

n[a+y, ax](an−1)x

=

∞∑
n=1

1
n!

n(an−1)x[a+y, ax]

= −eax
Dxy

eax
a+y =

(
a+y + Dxy) eax〈

esx
sy〉

G (s−m,D)
= ea+x+ 1

2 Dxx(
a+y + Dxy) eax

1

= emx+ 1
2 Dxx

(my + Dxy)



Illustration 5

Illustration 5:〈
esx

esy
sz〉

G (s−m,D)
= eΦx

eΦy
Φz1

= eax+a+x
eay+a+y (

az + a+z) 1

= ea+x+ 1
2 Dxx

eax
ea+y+ 1

2 Dyy
eay

a+z1

= ea+x+ 1
2 Dxx

eDxy
ea+y+ 1

2 Dyy
(a+z + Dxz + Dyz)eax

eay
1

= emx+ 1
2 Dxx

eDxy
emy+ 1

2 Dyy
(mz + Dxz + Dyz)


