12.6 Diagrammatic Expectation Values
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12.6 Diagrammatic Expectation Values

. 1-‘- . )\T N4 ] ‘ RN 1 L~ 2
In Z(j) = In Zg(0) + > D]—E(D]) —Z)\ (Dj)°I —gx\' D7+ O(X7)
Expectation value:
dln
D P )
A , AS P .
@) = D% [ D 0 [ D 0D + o)

) = ——+ -+ DO o



12.6 Diagrammatic Expectation Values

I'T . Xf 4 1 T T B, 2
In Z(j) = In Z4(0) + Y D]—E(D]) 71/\ (D/)'D—gx\'D‘+(9(/\ )
Covariance:
0lnZ
e

A D)D" D(D)D+0 + O

= D—ED(DJ) D—ZD(D)D+0 + (A9)
(PPN = nyf% / dzD*(D*ju)* D~ / dzD“DEDY + O(N?)

(9" :—++ >Q+(9 (\?)



12.7 Log-Normal Poisson Model Diagrammatically

Log-normal Poisson model (repetition)
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12.7 Log-Normal Poisson Model Diagrammatically
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12.7 Log-Normal Poisson Model Diagrammatically
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=The classical/ MAP estimate m, is always given by the sum of all tree diagrams with
one external point.




12.7.1 Consideration of uncertainty loops

(Shslay = Z tree diagrams + Z loop diagrams

~
MAP uncertainty corrections
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» source loops:
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12.7.1 Consideration of uncertainty loops

> n-vertex:
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12.7.1 Consideration of uncertainty loops

Loop-normalized MAP:

m = S(d— re")
= S(d—Fkm)
Km — "imef)/2 = KD+
loop normalized solution:
mo= S(d=r,0)
D = (S_l + 2111—"-5/2)




13 Thermodynamical Inference

Tempered posterior: 7 =

=

e—ﬁ(?—t(d,s)—&-ﬂs)

Z(d, B,J)
(P(d, s)e_ﬁ“)ﬁ

/Ds (P(d, s)e_ﬁs)ﬁ

—2(d, 8,J)

P(sld, T,J) =

» T = 3 = 1: usual inference
» T — 0, § — oo: enlarged contrast = P(s|d, T) — 0(s — smap)
» T — oo,  — 0: weaker contrast = P(s|d, T) — const



Boltzmann Entropy

e BH(d,5)+JTs)

P(sld, T,J) = W
Sg = —/DsP(s|d, T,J)In (W)
ASy = / DsP(sld. T..J) [B(H(d, 5) +1's) + n Z(d, 3, ])

1
= B [(H(CL Nsla, 7,0 IS a7 + ZIn2(d, B, J)}

= BUM,T,J)+T ' m(d, T,J)~F(d, 3, J)]



Boltzmann Entropy

TASg = U(d, T,J)+J'm(d, T,J)—F(d, 3, J)

> internal energy: U(d, T, J) = (H(d, 5))(a,1,7)
» Helmbholtz free energy: F(d, 3, J) = —% InZ(d, 5, J)
» mean field:

m(d> laJ):<s>(s|d,1,J):_%lnz(daﬁzlv‘]) - oJ
J=0

J=0, B=1




13. Thermodynamical Inference

Ansatz:
P(sld, T,J) ~ P (slm, D) =G(s—m, D)
TASy (d,T,J) = U, T,J)+J'md, T, )~ F(d, 8, J)
U T,J) = (H(d,9))gsmb)
=S (d, T,J) = —~(InP).

- / DsG(s — m, D) [;s—m)*D-l(s—m) + élnwzwﬂ
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13. Thermodynamic Inference

—~Sg (d, T, J) = ! [/D(p (g(w, D) Tr(gmpTD_l)) —0—1n|27rD]]
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Legendre Transformation

OF
F(J) = F(Jo) +E (J —Jo) +
Jo
oF |1
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F convex = my = %5 = F can be reconstructed from G(m)



Gibbs Free Energy

oFt
G = F— —
T

= U—TSg+J'm—Jm
=G (d, B,m, D) = U(d, B, m D)—T S (D)




Mean Field From Minimal Gibbs Free Energy:

0G(d, m, D)
T =0 = m= <S>(S|d) -
Proof:
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Uncertainty Dispersion From Minimal Gibbs Free Energy:

52G -1 —(52F
P = S|, P
mom m=(s) (s|a) J=0
Proof:
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