
10 Matrix Algebra

Hermitian: A = A†

positive definitive: A ≥ 0 → x†Ax ≥ 0 ∀x 6= 0
strictly positive definite: A > 0 → x†Ax > 0 ∀x 6= 0

A > 0, B > 0 ⇒ A + B > 0

Eigensystem:
αi: eigenvalues
ai : orthonormal eigenvectors

Aai = αiai

a†i aj = δij
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∑
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∑
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i f (αi)
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Example 2
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Example 3

f (x) = x−1 → f (A) = A−1 =
∑
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Proof: Geometric Expansion of Modified Propagator

D′ =
(
D−1 −∆

)−1

=
[
D−1/2

(
11− D1/2∆ D1/2

)
D−1/2

]−1
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11− D1/2∆ D1/2
)−1

D1/2

= D1/2 (11− X)−1 D1/2

= D1/2 (11 + X + XX + . . .) D1/2

= D + D ∆ D + D ∆ D ∆ D + . . .

Assure convergence of geometric expansion: X < 11

X = D1/2∆ D1/2 = D1/2B†M B D1/2
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11 Gaussian Processes

Markov property:
I s : R 7→ Ru (or Cu)
I any future value is independent of past values if the present value is known:

f ≥ t ≥ p ⇒ P(sf |st, sp) = P(sf |st)

I present isolates the future from the past:

f ≥ t ≥ p ⇒ P(sf , st|sp) = P(sf |st)P(st|sp)



11.1.2 Wiener Process

ṡt =
dst

dt
= σt ξt, with P(ξ) = G(ξ, 11) and known σt

sp : known process values
sf : process values of interest (f > p)

sf = sp +

ˆ f

p
dt σt︸ ︷︷ ︸

=Lf
t

ξt for known ξ

Lf
t = σt P(p ≤ t ≤ f |p, t, f )

(L−1)t
f = δ(f − t)

∂

σt∂f



11.1.2 Wiener Process
Conditional probability:

⇒ P(s|sp) =

ˆ
Dξ P(s|ξ, sp)P(ξ|sp) =

ˆ
Dξ δ [s− (sp + Lξ)] G(ξ, 11)

=
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Uncertainty Dispersion of the Wiener Process

Dtt′ = 〈(st − d) (st′ − d)〉(s|d)

= 〈(st − sp) (st′ − sp)〉(s|sp)

= Lt
t′′ 〈ξt′′ξt′′′〉(ξ)︸ ︷︷ ︸
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=
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11.1.3 Future Expectation

I Gaussian process s : R 7→ R
I mean: m = 0
I prior: St1t2 = 〈st1st2〉(s)

I data: d = st

Wiener filter formula:

〈sf 〉(sf |d) = FLd = 〈sf d〉(s)〈dd〉−1
(s) d = 〈sf st〉(s)〈stst〉−1

(s) st =
Sft

Stt st

f ≥ t ≥ p

Sfp =
SftStp

Stt



11.1.3 Future Expectation

Proof:
Wick’s theorem:

〈sf ststsp〉(s) = 2 SftStp + SfpStt

Markov property:

P(sf , st, sp) = P(sf , sp|st) P(st) = P(sf |st) P(sp|st) P(st)

⇒ 〈sf ststsp〉(s) =

ˆ
dst
ˆ

dsf
ˆ

dsp sf P(sf |st) sp P(sp|st) stst P(st)

= 〈〈sf 〉(sf |st)〈sp〉(sp|st)s
tst〉(st) = 〈Sft (Stt)−1 stSpt (Stt)−1 ststst〉(st)

=
SftSpt

SttStt 〈s
tststst〉(st) =

SftSpt

SttStt 3 SttStt = 3 SftSpt !
= 2 SftStp + SfpStt

⇒ SftStp = SfpStt �



11.1.4 Example: Evolution of Stock Price
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Evolution of a stock prize signal in case of a constant volatility σ.



11.1.4 Example: Evolution of Stock Price

pt: stock price at time t
qt: evolution of corresponding stock market index
st: buy/sell signal

sf = ln
pf

pp − ln
qf

qp

buy stock: 〈sf 〉(sf |st) > st for f > t > p

sell stock:〈sf 〉(sf |st) < st for f > t > p

No arbitrage condition: signal s is a martingale
I 〈sf 〉(sf |st) = st for all f > t
I s is Markov



11.1.4 Example: Evolution of Stock Price

I prior: P(s) = G(s, S)

I posterior: P(s|st) = G(s− st,D) = G(s− st|D(t))

I volatility: σt

〈sf 〉(sf |st) = Sft (Stt)−1 st = st ⇒ Sft = Stt for all f > t

d
dt

Stt =:
(
σt)2 ≥ 0⇒ Sff > Stt for all f > t

⇒ Sab = min{Saa, Sbb}Wiener process

ṡt = σtξt with P(ξ) = G(ξ, 11)



11.1.4 Example: Evolution of Stock Price

sf = ln
pf

pp − ln
qf

qp ⇒
pf

pp =
qf

qp esf ⇒
〈

pf

pp

〉
(sf |st)

=
qf

qp

〈
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〉
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≥ qf

qp est

Proof:
I 〈sf − st〉(sf |st) = 0, 〈esf 〉(sf |st) = est〈esf−st〉(sf |st)

I P(sf |st) = G(sf − st,Dff
(t)) = G(∆,Σ)

〈esf 〉(sf |st) = est〈esf−st〉(sf |st) = est〈e∆〉G(∆,Σ) = est
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1
2 Σ = est+ 1

2 Σ ≥ est
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