
9.3.4 Position Space Filter

Reconstructed signal in position space:

sx =

ˆ
dk

(2π)u ske−ikx

Reconstructed mean in position space:

mx =

ˆ
dku

(2π)u e−ikx mk =

ˆ
dku

(2π)u e−ikx f (k) dk

=

ˆ
dku

(2π)u e−ikx f (k)

ˆ
dyu eiky dy

=

ˆ
dyu
ˆ

dku

(2π)u e−ik(x−y) f (k) dy

=

ˆ
dyuf (x− y) dy = (f ∗ d)y



9.3.4 Position Space Filter

Fourier transformed spectral filter:

f (r) =

ˆ
dku

(2π)u e−ikrf (k) =

ˆ
dku

(2π)u
e−ikr

1 + Pn(k)/Ps(k)

Power spectrum of the mean:

Pm(k) =
1
V
〈|mk|2〉(d, s) =

1
V
〈|f (k)|2|dk|2〉(d, s)

=
1

(1 + Pn/Ps)
2 (Ps(k) + Pn(k))

=
P2

s (k)

Ps(k) + Pn(k)
=

Ps(k)

1 + Pn(k)/Ps(k)
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9.3.5 Example: Large-Scale Signal

I white noise: Ps(k) = σ2
n

Nxy = 〈nxny〉(n) = δ(x− y)σ2
n = Cn(x− y)

Nkq =

ˆ
dx
ˆ

dy eikxδ(x− y)σ2
ne−iqy = σ2

n

ˆ
dx ei(k−q)x = (2π)uδ(k − q)σ2

n

I signal with a red signal spectrum: Ps(k) = σ2
s (k/k0)−2

Spectral filter function:

f (k) =
1

1 + Pn(k)/Ps(k)
=

1

1 + σ2
n

σ2
s k2

0
k2

=
1

1 + q−2k2 =
q2

k2 + q2



9.3.5 Example: Large-Scale Signal

Position Space filter:

f (x) =

ˆ
dk
2π

q2

q2 + k2 e−ikx =
q2

2π

ˆ ∞
−∞

dk
e−ikx

(k + iq) (k − iq)

Im

Re

-iq

+iq

x<0

x>0



Cauchy’s Residue Theorem

f (k): analytical function
γ: closed path in complex plane
{k1, . . . kn}: singularities of f inside γ
I(γ, k): winding number of the path with respect to a point k

Residuum:

Res(f , kl) = f (k) (k − kl)|k=kl

Cauchy’s Residue Theorem:
˛
γ

dk f (k) = 2πi
n∑

l=1

I(γ, kl) Res(f , kl)



9.3.5 Example: Large-Scale Signal

For x < 0, x = −|x| :

f (x) =

ˆ
dk
2π

q2

q2 + k2 e−ikx = iq2(+1)
eik|x|

k + iq

∣∣∣∣
k=+iq

=
iq2ei(iq)|x|

2iq
=

q
2

e−q|x|

f (x) =
q
2

e−q |x| =
1

2λ
e−|x|/λ

q =
σsk0

σn

λ =
1
q

=
σn

σsk0
correlation length of f (x)

λ =

ˆ ∞
0

dx
f (x)

f (0)
=

ˆ ∞
0

dx e−|x|/λ



9.3.6 Deconvolution
I P(s, n) = G(s, S)G(n, N)
I S, N homogeneous
I Rx

y = b(x− y)

dy =

ˆ
dx b(y− x)sx + ny

Fourier space:

dk = (b ∗ s)k + nk =

ˆ
dy eiky

[ˆ
dx b(y− x) sx + ny

]
⇒ (b ∗ s)k =

ˆ
dx
ˆ

dy eiky
ˆ

dk′

(2π)u e−ik′(y−x)b(k′)
ˆ

dk′′

(2π)u e−ik′′x sk′′

=

ˆ
dk′

(2π)u

ˆ
dk′′

(2π)u

ˆ
dy ei(k−k′)y︸ ︷︷ ︸

(2π)uδ(k−k′)

ˆ
dx ei(k′−k′′)x︸ ︷︷ ︸

(2π)uδ(k′−k′′)

b(k′) sk′′

= b(k) sk



9.3.6 Deconvolution

Response:

Rk
k′ = (2π)uδ(k − k′) b(k)

Signal covariance:

Skk′ = (2π)uδ(k − k′) Ps(k)

Noise covariance:

Nkk′ = (2π)uδ(k − k′) Pn(k)

Uncertainty covariance:

Dkk′ = (2π)uδ(k − k′) PD(k)



9.3.6 Deconvolution
Calculation of the power spectrum:

D = (S−1 + M)−1

M = R†N−1R

Fourier space:

Mkq =
(

R†N−1R
)kq

=
(

R†
)k′

k

(
N−1)

k′q′ Rq′
q

=

ˆ
dk′

(2π)u

ˆ
dq′

(2π)u (2π)uδ(k − k′) b(k)
(
N−1)

k′q′ (2π)uδ(q− q′) b(q)

= (2π)uδ(k − q) |b(k)|2︸ ︷︷ ︸
PR(k)

/Pn(k)



9.3.6 Deconvolution

⇒ PD(k) = (P−1
S (k) + PM(k))−1

=
Ps(k)

1 + PS(k)PR(k)
Pn(k)

Information source in Fourier space:

jk = (R†N−1d)k =
b(k) dk

Pn(k)

Signal mean in Fourier space:

mk = (D j)k =
(Ps/Pn)(k) bk

1 + (PsPR/Pn)(k)
dk = f (k)dk



Fidelity Operator

f (k) =
(Ps/Pn)(k) bk

1 + (PsPR/Pn)(k)
=

(
PsPR/Pn

1 + PsPR/Pn

b
PR

)
(k)

Fidelity Operator: Q = SR†N−1R

PQ(k) =
PsPR

Pn
(k)

⇒ f (k) =
PQ(k)

1 + PQ(k)

b̄(k)

PR(k)
=

PQ(k)

1 + PQ(k)

1
b(k)

=
1

b(k)


1 if PQ(k)� 1
PQ(k)︸ ︷︷ ︸
�1

if PQ(k)� 1

High fidelity regime (hifi): PQ(k)� 1
Low fidelity regime (lofi): PQ(k)� 1



Fidelity Operator

Signal mean:

mk = (f d)k

=
PQ(k)

1 + PQ(k)

1
b(k)

(b(k) sk + nk)

=
PQ(k)

1 + PQ(k)

(
sk +

nk

b(k)

)

=

sk + nk

b(k) if PQ(k)� 1

PQ(k)
(

sk + nk

b(k)

)
if PQ(k)� 1



Fidelity Operator
Signal mean power spectrum:

Pm(k) =
1
V
〈|mk|2〉(n,s)

=
1
V

(
PQ(k)

1 + PQ(k)

)2(
〈|sk|2〉+

〈|nk|2〉
|b(k)|2

)
=

PQ(k)2

(1 + PQ(k))2

(
Ps +

Pn

PR

)
(k)

=
PQ(k)2

(1 + PQ(k))2 Ps(k)

(
PQ(k) + 1

PQ(k)

)
=

PQ

1 + PQ
(k) Ps(k)

=

{
Ps(k) if PQ(k)� 1
PQ(k)Ps(k) if PQ(k)� 1



9.3.7 Missing Data

Transparency/ Transfer operator:

Tx
y = δ(x− y)P(x /∈ Ω|x, Ω), P(x /∈ Ω|x, Ω) =

{
1 if x /∈ Ω

0 if x ∈ Ω

Modified data:

d′x = Rx
x′T

x′
y sy + nx = R′xy sy + nx

Modified information source:

j′x = (R′†)x′
x (N−1)x′yd′y



9.3.7 Missing Data

Modified propagator:

D′ = (S−1 + R′†N−1R′)−1

= (S−1 + R†N−1R− (R†N−1R−R′†N−1R′))−1

= (S−1 + R†N−1R−∆)−1

= (S−1 + M −∆)−1

Blocking operator:

B = 11− T ⇒ Bx
y = δ(x− y) P(x ∈ Ω|x, Ω)



9.3.7 Missing Data

For local M = R†N−1R = g(x) δ(x− y):
I R ∝ δ(x− y)

I white noise

⇒ ∆ = R†N−1R− R′†N−1R′

= R†N−1R− T†R†N−1R T

= R†N−1R− (11−B)†R†N−1R(11−B)

= R†N−1R− R†N−1R− B† R†N−1R︸ ︷︷ ︸
=M

B + B†M + M B

= −B†M B + B†M + M B

= B†M B



9.3.7 Missing Data

Expansion of the modified propagator:

D′ = (S−1 + M −∆)−1

= (D−1 −∆)−1

= D (11−∆D)−1

= D (11 + ∆D + ∆D∆D + . . .)

= D + D∆D + D∆D∆D + . . .

⇒ D′xy = Dxy + Dxx′∆x′y′Dy′y +O(∆2)

≈ Dxy + Dxz′ g(z′) Dy
z′



9.3.7 Missing Data
Reconstructed signal map:

m′x = D′xy j′y
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End


