4.6 Different Flavors of Entropy

Prior knowledge I: g(x) := P(x|/ )
Updating information J: d = (f(x)) (xs,) = [ dxf(x) P(x|J, I)
Posterior knowledge: p(x) := P(x|/, I)

» normalization: A ( [ dxp(x) — 1)
> new information: /. ([ dxp(x)f(x) — d)

Shla, J]:—{/dxp(x) [m (’;8) _a- f(x)H A d

Slplq]
S*[plg,J]

constrained entropy:  S[p|g, J] maximized w.r.t p, A, p
amount of relative information: ~ S[plg]  of p w.r.t ¢ in nits
auxiliary entropy: S*[p|g, J] maximized w.r.t p

sloped by 95*/ox = 1,05 fou = d



4.7 Information Gain by Maximizing the Entropy

Relative negative information gain: S[p|q] = — [ dxp(x ( (73 )

x)et) ol (%)
v /dx Q(Z)(M) " (Z(u)>
T,
f dx (/(){)(7/’/(—\') = Z(n)
g(x)et )




4.7 Information Gain by Maximizing the Entropy

Auxiliary entropy:

S'la. Sl = Shlal+A+u () )
T
= Splg]+ A+ pd
= InZ(p)—pud+ X+ pd
= InZ(p) + A
Z(p) = '
A = 1 —InZ(p)
=S*plg,J)] = 1



4.7 Information Gain by Maximizing the Entropy

Constrained entropy:
Slplg, /] = S'Iplg, J] =X — pd

= 1—XA—pud
= InZ(u) —pd

= Information change at maximum of S|p|q, J|:

Slplg, J] = Slplgl =In Z(p) — pd




Maximizing the Constrained Entropy

Normalization: Maximize w.r.t \

oSlpla. J] +
AN

New information: Maximize w.r.t

dSlplg. J _ OmZ()

—d=0
0 0
|
= 8naZ() = d, Helmholtz free energy InZ(u)
Several constraints:
d fi(x) th n

dy () Mn i=1



Maximum Entropy Recipe

Maximum Entropy Recipe:

q(x) = P(x|1), J = “(f (X)) (s,1y = ", p(x) = P(x|J, [) =7
1. calculate the partition sum: Z(u) = [ dxq(x)e!/™)

. !
2. determine u: mnaii(”) =

ne
3. assignp: p(x) = %

4. calculate the information gain: AZ[p|q] = —S[plq] = nd —In Z(u)




4.7.1 Coin Tossing Example

Prior information I: x € {0, 1}

Prior knowledge: g(x) := P(x|I) = 1
Updating information J: f = (x) (7.1
Posterior knowledge: p(x) := P(x|J, I) =7
1. calculate Z(u):

B = Y qlx)et = 5 (1+ek)

x€{0,1}
2. determine y::
Oln Z(p) et Y B
o dgen J T =iy —wa=
Insert in Z(u):
1 f 1
J— _ 1 —
20 = 3(+15) -z



4.7.1 Coin Tossing Example

3. calculate p(x) = P(x|J, I): Z(p) = 51y n=1n (%)
ehx et (/=)
plx) = 2 —_
-0 (L5) = - =

4. calculate the information gain AZ:
AZlplg] = —Slplgl = pf —nZ(p)

_ fln(lff) _ln<2(11—f))

= [m2+fInf+ (1 —f)In(l —f)] nits
= [1+flogyf + (1 —f) logy (1 —f)] bits




4.7.1 Coin Tossing Example

A Al

—9-1bit




4.7.2 Positive Counts Example

Prior information I: n € N

Prior knowledge: g(n) := P(n|I) = const. =g¢q
Updating information J: (n) = A

Posterior knowledge: p(n) :=P(n|J,I) ="

1. calculate Z(u):

quun_qz M 1_eu

n=0

2. determine pi:

oIn 2 0 1
P = glng (1 = )] = (e =
A
!’L:
e T+




4.7.2 Positive Counts Example

3. calculate p(n) = P(n|J, I):

p(n) =

A
= e ¢ =
q
[ =(14+XN)g
[ESY
)\ n
g(n)et" 4- (m)
Z(p q-(1+A)
1 < A )" 1
(T+X0)\1+X) (14N
n
—()
In(14+A) —InA\=—-p>0



4.7.2 Positive Counts Example

Check of compliance with constraints:
» Normalization:

> =1 A\ 1 1 1
S = 3 < ) _ S U+ =1
— n:01+)\ A+1 1+ 1—m 1+
P> Average counts:
0 00 n e’}
1 A 1
= —_— = — a,
) = S (557) =
n=0 n=0 N , n=0
:;y”
R N
y A

(IT+N(1=y)?2 (T4+X2(1+N)72

=0



4.7.3 Many Small Count Processes

Prior information I: N = # of processes, n = Zf/:l n; =total # of counts, n; € N
Updating information J: (1), sy = ¢ for all i, (n)(, ) = A =0 N

Recap positive count examples:

Pnls = ) = 15 (105)

Posterior calculation via marganalization over independent processes:

P(n | )\ N) Z Z P(n, ny, ny,...nN|\, N)

J I n1=0 ny=0
—_———

:;Z

is

0



4.7.3 Many Small Count Processes

Pl = P(n|ny, ny,..ny, 1P I'YP(na|l')... P(ny|I')

n=0

B 065 1 L ny L L nN
- 6’1’2?\:0}“1—1_5 d+1 14+ \5+1

1 N % 5 o
B (1+5> 25"72?’—0”"<1+5>
=0

p (PHN—1) _ @inv-1)
n = Al (N=1)!

are N — 1 process separators to be but between the n counts

P} = (1i5)N(Z!2LNN__1;?!(1i5)n

possibilities to distribute n counts on N processes, as there




4.7.3 Many Small Count Processes

o = (i) S (%)

& n+N-1D! (YN (nFN-—1)
(1+ 6N a(N—1)1 — (13NN (N —1)!

A1 A\ A 7" (n+N—1)!
= Z . (1+2 1+2) ——_~
al ( +N) ( +N) NG

Infinite number of processes: N — oo, A = fixed, 6 = A/v — 0

A7 A\ 7N M7 (n+N=1) N
= PnA, N — 0) = 11!<1+N> <1+N> N = D) =

—)e*)‘ —1 —1




The Poisson Distribution

)\ne—/\
P(n|lA) = >
» Poisson distribution is divisibel:
el A L
L I |
I | 1
A ) AN
Pny) = D PmX)P(n—mx—N)




The Poisson Distribution

» If P(m|\') and P(n — m|\ — X’) are Poisson distributions
= P(n|\) is Poisson distribution

Proof:
n n m ,—\ _\N\n—m = A+
S PmN)Pn—mA—X) = AMe T (A= X)Te
— e~ m (n—m)!
e “ m —m
TR mZ: m!(n — )\ (A=)
- / /
= Xy
e—A

= — N =P(nN0O



End



