3 Information Measures

Kullback-Leibler divergence

KLy(4, B) := Dx(P(s|A)||P(s|B)) = / dsP(s|A) In <7’<s!A>>

amount of extra information on s contained in A with respect to B

. nit = nat if In is used . . .
Units: , L nit = 1/m2bit ~ 1.44 bit

bit = shannon if log, is used

Information or surprise: H(s|I) = —logP(s|])
Product rule: P(d, s|I) P(d|s, I)P(s|I)
P(sld, 1) P(dlI)
(dls, 1) + H(s|l)
(sld, 1) +H

s|d, (d|I) = information is additive

H(d,s|I)

X X



Information Gain

Kullback-Leibler divergence
P(s|A) >

KL,(A,B) = DxL(P(s|A)||P(s]B)) =/d37’(S’A) In (7)(3‘3)

- (n FR)),, - i

measures expected information gain on s while updating from knowledge B to A.
P(s|A)-weighing favours regions, where In P (s|A) = —H(s|A) is largest.

Example: learning result of n tosses of a fair coin, d* € {0, 1}"
prior P(d|I) = 27", posterior P(d|d*,I) = 44~

KL, ((d*,1),1) Z " d\d* Z 5dd

= log, (2") =nlog, (2) =n

n tosses of a fair coin provide n bits information on the outcome
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| KLy (AB) = H(sI2) - H(S/A)>(”A)
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KLy (AB) = HIsIB) - H(S/A)>(“A)



Information Gain

KLy (AB) = HIsIB) - H(S/A)>(“A)
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Optimal Coding

p(s)=P(s|]) q(s)=P(s|M)
T s N
Alice Bob

Alice chooses message M that minimizes Bob’s expected surprise
KLy (1, M) = (H(s|M) = H(s|D)) sn)

and the amount of information Bob needs to update from M to Alice knowlege /.



Independence

xly|I < P(x,y|I) = P(x|I) P(y|l); assume xLy | A, xLy|B

KL(,,)(4,B) = / dx / & P(x,yA) In (szg)
= [ac[ 6P POla) (W)
— /de xlA)/dyP(yA) [m( )) +1n ( Pyl B))]
B /M )] ( XIAD /d p<y|A>1n<PEH

— KL,(A,B) +KLy(A,B)

ﬁ

KL is additive for independent quantities.



Mutual Information

Ml () = Dxr(Px,y|1)||P(x[]) )
i o [P
‘//d”’ i ()
= (H[I)+ =H Y1) ey =0
since H(x,y|I) = (x\I)+”H( lx, 1) = H(y|l) + H(x|y,I)

Ml (1) = (Kl +HOU) = Hx 1)) (i
= (H(x[I) = Hx]y, 1)) gy
= (HOW) = HOx D)) oy =0
MI expresses the reduction of expected surprises on one variable by learning the other one.

Ml ,) () = 0 for independent quantities.
MI senses relations between quantities.




Bayesian Updating

—(d, 1), P(s|l) = P(sld, 1) = B0 P(s|1)

KL;((d,1),1) = (H(sll) = H(s|d,1))(sar)
= /dsP(s|d,I) In <P7£s(|:|l})]))

— /dsP(s|d,I) In (%ﬂl?]?)
- <H(d‘1> - H<d‘sﬂ1)>(s|d,l)

Information gain on s by data d
How much data is less surprising if signal is known on (posterior) average.



Divergence

KL divergence is asymmetric distance measure, depends on direction
KL divergence is symmetric for small distances:

p(s) = q(s) + &(s): e(s) < g(s),p(s) Vs [dse(s) =0

Datpll)) = [ aspson (PF) = [as () + ctooe (1+ 507

_ PN EORS W EOM I
) /ds{“’”“”) a0s) 2(q<s>> Ho
_ COD o] —os [aP8) a0 | 5
= /ds e(s) + 2405) + O(e”) —0+/d 2405) + O(e”)

N OO e
- el o)

1/ /pg = 1/p =~ 1/4 seems to be “metric” in space of probabilities— “information geometry”
WARNING: Original KL is not a distance! 4



Fisher Information Metric

Probabilities are parameterized in terms of conditional parameters, P(s|6).
Expansion in terms of those leads to Fisher information metric g¥.

0 = (01,...0,1):: (gi)iERn
0 = 0+c¢

P(s|o)) = P(s|0) + 6738(5’9) gi + O(£?), sum convention
OKL,(¢',0) 1 0°KL(¢', 0)
KL, (6 = KL, s g = i€ 3
(0',6) (0,0) + o0 o=0ci+ 5 90,00] ) 055]—1—(9(5)
=0 =
=0

=gii

1.
= Eaig‘faj+(9(a3)

Measures expected information gain in limit of small update ¢ = ' — 6.
Used to characterize sensitivity of future experiments.



Fisher Information Metric

. 07 P(s]0") 0 OP(s|0") . P(s|¢) OP(s|d)
J = — / ) = ——
8 ae;aa;/dsp(s‘e) ey |0 aa;/ds o0, ey 00,

_ 9 P(s]6") IP(s]¢")

= o0 /ds [m Pelo) T o

6'=6
B 1 aP(s|0') OP(s)¢) P10 ] 9*P(s]9)
/ ds {P(s|0’) oo o0, ™ Pee) T o0 .

_/ds L OP(sl6) OP(sl6) | OP(slo)

N P(S‘Q) 69,‘ 89/ 89,-80,

B OlnP(s|0) 0lnP(s|0) 0? _JOH(s|0) OH(s|0)

_/dsP(s|0) 0 o * a0 SP0 = Tan a5 )

| —

=1

=0

0'=6



Fisher Information Metric

i [ OH(s|0) OH(s]0) _ (4 dlnP(s|d) OP(s|) P(slo
¢ < >(s|0) / (<16)

00, d0; 20;  P(s|0) 00;
B /ds dlnP(s0) OP(s|6)
N 00, 06,
0 JlnP(s]0) / %In P(s]0)
= (%j/ds??(sw) 20, dsP(s|0) 70,96,

. OP(s|0) O*H(s|0) A / O*H(s|0)
T} / s =5, +< 9009, / e 06,06, dsP(s16) + 55,08, )

=1

=0

o — <8H<sw>aﬁ<s|e>> _<82H<\9>>
00; 80] (510) 89!80] (s]0)




End



