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Part I

Einstein-Friedmann-Lemaitre-Eqns.
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Metric and Line Elements

� Line Element in 3D

ds2 = dx2
1 + dx2

2 + dx2
3
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Metric and Line Elements

� Line Element in 3D

ds2 = dx2
1 + dx2

2 + dx2
3

� Line Element in SRT's 4D

ds2 = dt2 � (dx2
1 + dx2

2 + dx2
3 )
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Robertson - Walker - Metric

Simple metric which describes a homogeneous, isotropic
universe with spaces of constant curvature.

� Robertson - Walker - Metric:

ds2 = dt2 � a2(t )
h

dr2

1 � kr2 + r2d� 2 + r2sin2�� 2
i



5

Outline Einstein-Friedmann-Lemaitre-Eqns. Cosmological Standard Model CMB and SN Ia Primordial Nucleosynthesis Summary

Robertson - Walker - Metric

Simple metric which describes a homogeneous, isotropic
universe with spaces of constant curvature.

� Robertson - Walker - Metric:

ds2 = dt2 � a2(t )
h

dr2

1 � kr2 + r2d� 2 + r2sin2�� 2
i

� Then there are 3 basic cases:

� k = 0, 
at, Euclidean Universe
� k = +1, closed, elliptic Universe
� k = � 1, open, hyperbolic Universe
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r

r

r

A > p r 2
p rC > 2

p r 2A =
p rC = 2

oAS = 180

p rC < 2
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AS < 180
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Einstein Field Equations

� Einstein Field Equations

G�� = 8� T �� + � g��

G�� =
8� G
c2

T �� + � g��
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Einstein Field Equations

� Einstein Field Equations

G�� = 8� T ��

G�� =
8� G
c2

T ��
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Einstein Field Equations

� Einstein Field Equations

G�� = 8� T ��

G�� =
8� G
c2

T ��

� Einstein Tensor de�ned by Ricci Tensor and Scalar

G�� = R�� �
1
2

g�� R ; R = R�
� = g�� R��

� From now on!
Gravitational constant and speed of lightG = c := 1

� Greek indices running from 0 to 3, latin from 1 to 3!
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Einstein Field Equations
� Einstein Field Equations

G�� = 8� T ��

G�� =
8� G
c2

T ��

� Stress-Energy Tensor for a perfect 
uid

T �� = diag(�; � p; � p; � p)

� averages over scales ( superclusters)
� pressurep(t )
� density� (t )
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Einstein-Friedmann-Lemaitre-Eqns.
� from the time component we get

_a2

a2
+

k
a2

=
8�
3

�
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Einstein-Friedmann-Lemaitre-Eqns.
� from the time component we get

_a2

a2
+

k
a2

=
8�
3

�

� from the spatial components we get

2
•a
a

+
_a2

a2
+

k
a2

= 8� p
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Einstein-Friedmann-Lemaitre-Eqns.
� from the time component we get

_a2

a2
+

k
a2

=
8�
3

�

� from the spatial components we get

2
•a
a

+
_a2

a2
+

k
a2

= 8� p

� These are theEinstein-Friedmann-Lemaitre-Eqns.,

which can be combined to

•a
a

= �
4�
3

(� + 3p)
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Einstein-Friedmann-Lemaitre-Eqns.
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Einstein-Friedmann-Lemaitre-Eqns.

•a
a

= �
4�
3

(� + 3p)

� nowadays _a � 0 (expanding Universe)
� right hand side bracket was always� 0
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Einstein-Friedmann-Lemaitre-Eqns.

•a
a

= �
4�
3

(� + 3p)

� nowadays _a � 0 (expanding Universe)
� right hand side bracket was always� 0

=) a = 0 (Singularity in the past)



10

Outline Einstein-Friedmann-Lemaitre-Eqns. Cosmological Standard Model CMB and SN Ia Primordial Nucleosynthesis Summary

Einstein-Friedmann-Lemaitre-Eqns.

•a
a

= �
4�
3

(� + 3p)

� nowadays _a � 0 (expanding Universe)
� right hand side bracket was always� 0

=) a = 0 (Singularity in the past)

In 1929 E. Hubble discovered the following relation ship
named after him (H0 is the so calledHubble-Constant).

v = H0 r
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Robertson - Walker - Metric

Simple metric which describes a homogeneous, isotropic
universe with spaces of constant curvature.

� Robertson - Walker - Metric:

ds2 = dt2 � a2(t )
h

dr2

1 � kr2 + r2d� 2 + r2sin2�� 2
i
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Light travels along the Null-Geodesicsds2 = 0, so together
with d� = d� = 0 we get

Z t0

t1

dt
a(t )

=
Z t0

t1

dr
p

1 � kr2
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Light travels along the Null-Geodesicsds2 = 0, so together
with d� = d� = 0 we get

Z t0

t1

dt
a(t )

=
Z t0

t1

dr
p

1 � kr2

if we now consider a second wave maximum, emitted� t later
Z t0

t1

dt
a(t )

=
Z t0+ � t0

t1+ � t1

dt
a(t )
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Light travels along the Null-Geodesicsds2 = 0, so together
with d� = d� = 0 we get

Z t0

t1

dt
a(t )

=
Z t0

t1

dr
p

1 � kr2

if we now consider a second wave maximum, emitted� t later
Z t0

t1

dt
a(t )

=
Z t0+ � t0

t1+ � t1

dt
a(t )

for su�ciant small � t , we can considera(t ) = const:

� t1

a(t1)
=

� t0

a(t0)
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since� t de�nes the wave length, we get

� 1

� 0
=

a(t1)
a(t0)
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since� t de�nes the wave length, we get

� 1

� 0
=

a(t1)
a(t0)

therewith we can �nally de�ne the redshift

1 + z =
� 1

� 0
=

a(t1)
a(t0)



13

Outline Einstein-Friedmann-Lemaitre-Eqns. Cosmological Standard Model CMB and SN Ia Primordial Nucleosynthesis Summary

since� t de�nes the wave length, we get

� 1

� 0
=

a(t1)
a(t0)

therewith we can �nally de�ne the redshift

1 + z =
� 1

� 0
=

a(t1)
a(t0)

It is very usefull to expandR(t ) in a Taylor series, to see

what one can derive from observed redshiftz

R(t1)
a(t0)

= 1 + H0(t � t0) +
1
2

q0H2
0 (t � t0)2 + :::
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� Hubble-Constant

H0 =
_a(t0)
a(t0)

� Deceleration-Parameter

q0 =
•a(t0)
_a(t0)2

a(t0)

� Hubble-Relation
c z = H0 r
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A 
at Universe (k=0) can only be realized when the density
has a critical value of

� c0 =
2H2

0

8�
� 8

protons
m3

therewith we get the dimensionless density parameter 



 =
�
� c

= 2q0
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A 
at Universe (k=0) can only be realized when the density
has a critical value of

� c0 =
2H2

0

8�
� 8

protons
m3

therewith we get the dimensionless density parameter 



 =
�
� c

= 2q0

solve EFL-Eqn.� = 0
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Einstein-Friedmann-Lemaitre-Eqns.
� from the time component we get

_a2

a2
+

k
a2

=
8�
3

�
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A 
at Universe (k=0) can only be realized when the density
has a critical value of

� c0 =
2H2

0

8�
� 8

protons
m3

therewith we get the dimensionless density parameter 



 =
�
� c

= 2q0

solve EFL-Eqn.� = 0 ! 1st fund. theorem of thermodyn.

d(� R3) = � pd(R3)

and for the simple EOSp = � � we �nd

� � R� 3(� +1) ; R � t
2
3 (� +1)

� = [ 1
3; 0; � 1] for radiation,

matter and vacuum energy dominated phases.
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Einstein Field Equations

� Einstein Field Equations

G�� = 8� T �� + � g��

G�� =
8� G
c2

T �� + � g��
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With the Cosmological Constant6= 0 the picture changes a bit


 M + 
 � + 
 K = 1

with that we get the dimensionless curvature parameter 
K


 K := �
k

R2
0 (t )H2

0

the modi�ed deceleration parameter looks like follows

q0 =
1
2


 M � 
 �
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Part II

Cosmological Standard Model
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Summary

� Einstein Friedmann-Lemaitre-Eqns.
� How to derive them
� Predictions

� Cosmological Standard Model
� Evolution of the Universe
� Get Cosmological Parameters

� CMB
� Primordial Nucleosythesis
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