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Applicabilit y of Hydro dynamics
A many-body system may be described as a continuum on a macroscopicscale l if:

� � mfp � l 
uid � elemen t � l

� Interparticle forces saturate (unlike gravity). Seeseparate section on plasmasfor
Coulomb interactions.

Examplesfor neutral 
uids:

� =
1

n�
�

1
n � 10� 15 cm2

medium number density n mean free path �

water 1024 cm� 3 10� 9cm

air 1021 cm� 3 10� 6cm

ISM 1cm� 3 1015 cm

IGM 10� 3cm� 3 1018 cm � 1ly

For photons, � is some nine orders of magnitude larger, since

� = � Thomson � 0:665 � 10� 24 cm2 for scattering o� electrons.

Kinetic Equations and Hydro dynamics { p.3/23



Applicabilit y of Hydro dynamics
A many-body system may be described as a continuum on a macroscopicscale l if:

� � mfp � l 
uid � elemen t � l

� Interparticle forces saturate (unlike gravity). Seeseparate section on plasmasfor
Coulomb interactions.

Examplesfor neutral 
uids:

� =
1

n�
�

1
n � 10� 15 cm2

medium number density n mean free path �

water 1024 cm� 3 10� 9cm

air 1021 cm� 3 10� 6cm

ISM 1cm� 3 1015 cm

IGM 10� 3cm� 3 1018 cm � 1ly

For photons, � is some nine orders of magnitude larger, since

� = � Thomson � 0:665 � 10� 24 cm2 for scattering o� electrons.

Kinetic Equations and Hydro dynamics { p.3/23



Applicabilit y of Hydro dynamics
A many-body system may be described as a continuum on a macroscopicscale l if:

� � mfp � l 
uid � elemen t � l

� Interparticle forces saturate (unlike gravity). Seeseparate section on plasmasfor
Coulomb interactions.

Examplesfor neutral 
uids:

� =
1

n�
�

1
n � 10� 15 cm2

medium number density n mean free path �

water 1024 cm� 3 10� 9cm

air 1021 cm� 3 10� 6cm

ISM 1cm� 3 1015 cm

IGM 10� 3cm� 3 1018 cm � 1ly

For photons, � is some nine orders of magnitude larger, since

� = � Thomson � 0:665 � 10� 24 cm2 for scattering o� electrons.

Kinetic Equations and Hydro dynamics { p.3/23



Boltzmann's Equation - Derivation
For an ensembleof non-interacting point-lik e particles in � -phase-space;Liouville's
theorem states that the distribution function f is conservedalong the trajectories in
phasespace:

df
dt

=
@f
@t

+ _qi @f
@qi

+ _pi @f
@pi

= 0

Note: _pi = F i is the \external" force, which may include forces - such as gravity - that
depend only on macroscopicquantities. Henceforth, we shall asumethat is only
position-dependent.

In order to accomodate collision, we need to intro duce the collision integral :

df
dt

=
@f
@t

+ _qi @f
@qi

+ F i @f
@pi

=
�

@f
@t

�

col
6= 0

Kinetic Equations and Hydro dynamics { p.4/23



Boltzmann's Equation - Derivation
For an ensembleof non-interacting point-lik e particles in � -phase-space;Liouville's
theorem states that the distribution function f is conservedalong the trajectories in
phasespace:

df
dt

=
@f
@t

+ _qi @f
@qi

+ _pi @f
@pi

= 0

Note: _pi = F i is the \external" force, which may include forces - such as gravity - that
depend only on macroscopicquantities. Henceforth, we shall asumethat is only
position-dependent.
In order to accomodate collision, we need to intro duce the collision integral :

df
dt

=
@f
@t

+ _qi @f
@qi

+ F i @f
@pi

=
�

@f
@t

�

col
6= 0

Kinetic Equations and Hydro dynamics { p.4/23



Boltzmann's Equation - Derivation
For an ensembleof non-interacting point-lik e particles in � -phase-space;Liouville's
theorem states that the distribution function f is conservedalong the trajectories in
phasespace:

df
dt

=
@f
@t

+ _qi @f
@qi

+ _pi @f
@pi

= 0

Note: _pi = F i is the \external" force, which may include forces - such as gravity - that
depend only on macroscopicquantities. Henceforth, we shall asumethat is only
position-dependent.
In order to accomodate collision, we need to intro duce the collision integral :

df
dt

=
@f
@t

+ _qi @f
@qi

+ F i @f
@pi

=
�

@f
@t

�

col
6= 0

Kinetic Equations and Hydro dynamics { p.4/23



Boltzmann's Equation
The form of the collision integral can be determined by assuming:

� Only short-range two-particle interactions should be important.

� The collision time should be negligible.

� There should be no correlations between the colliding particles.

Hence we �nd:

@f
@t

+ _qi @f
@qi

+ _pi @f
@pi

=
Z

d3p2 d3p3 d3p3W (p ; p 2 ! p 3; p 2)

�

2

6
4 f (q; p 3)f (q; p 4)

| {z }
gain

� f (q; p )f (q; p 2)
| {z }

loss

3

7
5

magis assiduovarioque exercita motu
partim intervallis magnis confulta resul-
tant
pars etiam brevibus spatiis vexantur ab
ictu.
Lucretius, De Rerum Natura
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Towards Hydro dynamics
Since number, momentum and kinetic energy of the incident particles are conserved
during any collision, we expect that the collision integral has no bearing on the
evolution of the corresponding mean values (particle density � , momentum density
hp i = � hv i , energy density h" i ):

�
@h� i

@t

�

col
=

Z
� (p )W (x; x2 ! x3 ; x4)

� [f (q; p 3)f (q; p 4) � f (q; p 1)f (q; p 2)] d3p d3p2 d3p3 d3p4

=
1

2

Z
(� (p ) + � (p 2) � � (p 3) � � (p 4)) W (x; x2 ! x3 ; x4)

�f (q; p 3)f (q; p 4)d3p d3p2 d3p3 d3p4

If � (p ) + � (p 2) � � (p 3) � � (p 4) = 0 (as for conservedquantities):

�
@h� i

@t

�

col
= 0
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Continuit y Equation
Integrating the Boltzmann equation multiplied by m yields the continuit y equation:

Z
m

@f
@t

d3p +
Z

m
pi

m
@f
@qi

d3p +
Z

mF i @f
@pi

d3p =
Z

m
�

@f
@t

�

col
d3p

@�

@t
+

@
@qi

Z
mv i f d3p + mF i lim

V ! R3

Z

@V

f dA = 0

@�
@t

+
@

�
�



vi

��

@qi
= 0
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Momentum Equation
A similar calculation yields the momentum equations:

Z
mv j @f

@t
d3p +

Z
mv j pi

m
@f
@qi

d3p +
Z

mv j F i @f
@pi

d3p =
Z

mv j
�

@f
@t

�

col
d3p

@
�
� hvj i

�

@t
+

@
@qi

Z
mv i vj f d3p � F i lim

V ! R3

Z
@pj

@pi
f dA = 0

We may conveniently split vi as vi =


vi

�
+ � vi

@
�
� hvj i

�

@t
+

@
@qi

Z
m



vi � 


vj �
+ m� vi � vj d3p � F j = 0

The �nal result is the Navier-Stokes equation:

@
�
�



vj

��

@t
+

@

@qi

2

6
6
4 �



vi � 


vj �
+ m



� vi � vj �

| {z }
pressure tensor� ij

3

7
7
5

| {z }
stress tensor T ij

= F j
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Energy Equation
Z

mv 2

2
@f
@t

d3p +
Z

mv 2

2
pi

m
@f
@qi

d3p +
Z

mv 2

2
F i @f

@pi
d3p =

Z
mv 2

2

�
@f
@t

�

col
d3p = 0

@
@t

 
m hvi 2

2
+



m� v2 �

!

+
Z �

hvi 2 + 2


vi � � vi + � v2

� �

vi � + � vi � @f

@qi
d3p

� F i
Z

pi f d3p = 0

@
@t

2

6
6
6
6
4

�

 
hvi 2

2
+ "

!

| {z }
E

3

7
7
7
7
5

+
@

@qi

�
(�E + P ) vi + � ij vj + �

�
� vi �

� v2

2

� �
= �



vi � F i

� ij is the viscousstress tensor (see next slide).
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The Equations of Hydro dynamics
Continuit y equation:

@�
@t

+ r � (� v ) = 0

Navier-Stokes equation:

@(� v )
@t

+ r � [( � v 
 v ) + � ] = F ext

The pressuretensor is usually split into an inviscid and a viscouspart:

� ik = P � ik � � ik = P � ik � �
�

@vi

@xk
+

@vk

@xi
�

2
3

� ik
�

� � (r � v ) � ik

Energy equation:

@(�E )
@t

+ r � [(�E + p) v ] + r � h + r � (� � v ) = F ext � v
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Closure Relations
Since the hydrodynamic equations are underdetermined, we require closure relations
specifying � and h in terms of the conservedquantities � , � v and �E . Possiblechoices
include:

� By assuminga Maxwellian distribution with position-dependent T , we obtain the
Euler equations, which neglect viscousstressesand heat conduction (see next
slide): P ij = P � ij and h = 0

� Corrections to the local Maxwellian distribution can be computed using the
Chapman-Enskog procedure. First-order corrections lead to:

� ij = �
�

@vi

@xj
+

@vj

@xi
�

2
3

(r � v) � ij
�

h = � � r T

where � /
p

mk T and � = 5
2 cV � designateshear visocsity and thermal

conductivit y respectively.

� Similar problem in radiation hydrodynamics: variable Eddington factor
techniques
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� By assuminga Maxwellian distribution with position-dependent T , we obtain the
Euler equations, which neglect viscousstressesand heat conduction (see next
slide): P ij = P � ij and h = 0

� Corrections to the local Maxwellian distribution can be computed using the
Chapman-Enskog procedure. First-order corrections lead to:

� ij = �
�

@vi

@xj
+

@vj

@xi
�

2
3

(r � v) � ij
�

h = � � r T

where � /
p

mk T and � = 5
2 cV � designateshear visocsity and thermal

conductivit y respectively.

� Similar problem in radiation hydrodynamics: variable Eddington factor
techniques
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Inviscid and Adiabatic Flow
If we neglect viscosity and heat conduction the momentum and energy equations may
be considerablysimpli�ed. The Navier-Stokes equation reducesto the Euler equation:

@(� v )
@t

+ r � (� v 
 v ) + r P = F ext

@(�E )
@t

+ r � [(�E + p) v ] = F ext � v

The energy equation may be replaced by a conservation equation for the entropy:

@(�s )
@t

+ r � (�s v ) = 0

The Euler equations allow discontinuous solutions even where the initial con�guration is

smooth: seealso the section on supersonic 
o w.
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Dissipative Flows in Astrophysics?
An estimate for the e�ects of visosity and heat conduction is provided by some
dimensionlessnumbers:

� The Reynoldsnumber

Re �
�v 2=l

mvT =� � v=l
�

v
vT

l
�

indicates the ratio of of the intertial term r � (� v 
 v ) to the viscousterm in the
stress tensor. Re is large wheneverwe are dealing with supersonic 
o ws, since
vT � cS v and l � � anyway. A typical number for SN Ia is Re � 1014 .

� The Peclet number

Pe �
�c P T v=l

�T =l2
�

vl
�

de�nes the relative importance of the advection term compared to the di�usion
term in the energy equation. It is usually of the sameorder as the Reynolds
number.

� Conclusion: Due to large values of l=� , the e�ects of viscosity and heat
conduction are extremely small in most astrophysical settings (stellar collapse,
etc.). Exceptions include accretion disks, where viscosity is required, but its
nature is somewhat obscure (molecular di�usion insu�cient).
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Viscous transport of momentum

Shapiro& Teukolsky Black Holes, White Dwarfs and Neutron Stars
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Laminar and Turbulent Flows
� The stabilit y of a\smo oth" 
o w

pattern depends crucially on the
Reynoldsnumber. For low Re,
viscosity tends to dampen
perturbations of the 
o w,
keeping it laminar, while large
Re leads to turbulent 
o w, the
transition occuring already
around Re � 10 : : : 100.

� Thererefore, turbulence is a
ubiquitous phenomenonin
astrophysics.

� Problem: Resolutionof turbulent

o ws down to the length scale
where viscosity becomes impor-
tant is not feasible, even though
small-scale behaviour is some-
times of tremendous importance
(cp. turbulent combustion).

Jet from Ewald M•uller's lecture:

Simulation from ctr.stanford.edu:

Two more moviesfrom www.feat
o w.de
slow-/fast-rotating ball
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Possible simpli�cations
� Adiabatic 
o w: We have seenthat heat conduction is usually negligible on

astrophysical scales. Therefore, we can often resort to the simpli�ed energy
equation d( �s )=dt = 0. However, radiative heat transfer or cooling needsto be
taken into account for a variety of phenomenasuch as stellar evolution (during
all its phases).

� Barotropic 
o w: P = P (� ) instead of P = P (�; T; �; : : :) (baroclinic ).
Barotropic behaviour can result from the equation of state (degeneracy, e.g. for
white dwarfs and neutron stars) or may be incidental, e.g. when convection
establishess = const: throughout a star.

� Incompressible 
o w: Either of the conditions � = const: or the lessrestrictive
d�
d t = 0 allows a considerablesimpli�cation of the hydrodynamic equations. The
continuit y equation becomes:

r � v = 0

This assumption servesto �lter out acoustic waves, thus allowing larger

time-steps for normal-mode calculations.
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Sub-, Trans- and Supersonic Flow
Considera small perturbation to a stationary

o w of velocity v . It can propagate in any
direction v + cs n . While this is no restriction
for v < c (subsonic 
o w), the e�ect of the
perturbation can only be felt inside the Mach
cone for v > c (supersonic 
o w). Conse-
quently, discontinuities (shock) will develop
on the surface of the cone.

To see why supersonic 
o ws arise most fre-
quently in astrophysics, take the Bernoulli
equation for stationary 
o ws:

(" + P ) +
v2

2
= const:

Out
o w from a source at rest into vacuum
means � ! 0 and P ! 0 ;and adiabaticity
then implies T ! 0, " ! 0 and cs ! 0.
Therefore the speed of the out
o w must be-
come supersonic:

v � (" 0 + P0) � cs

Sketch from Landau/Lifschitz:

Supersonic 
o w around a projectile from
www.galleryo�uidmechanics.com
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Treatment of discontinuities

from R. J. LeVeque, D.Mihalas, E. A. Dor�, E.M•uller, Computational Methods for
Astrophysical Fluid Flow
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Hydro dynamics in a Plasma
� Astrophysical 
uids are never really\neutral" in the strict senseof the word;

ionization prevails.

� In general, the de�nition of � for Coulomb scattering is problematic, since
� Rutherford ! 1 . However, charge screeningin a plasma intro duces the Debye
length

L D =

s
kT

4� e2
�
ne + Z 2

i ni
�

as a cuto�.

� Gyration in a magnetic �eld may decreasethe e�ective mean free path, thus
allowing hydrodynamic treatment even when excluded by a �rst estimate.

� The Debye length also de�nes the length-scale beyond which the 
uid may be
regarded as neutral.

� Charge separation may be neglected if the macrosopic evolution is slow
compared to the timescale set by the plasma frequency:

! p =

s
4� nee2

me

Kinetic Equations and Hydro dynamics { p.20/23



Hydro dynamics in a Plasma
� Astrophysical 
uids are never really\neutral" in the strict senseof the word;

ionization prevails.

� In general, the de�nition of � for Coulomb scattering is problematic, since
� Rutherford ! 1 . However, charge screeningin a plasma intro duces the Debye
length

L D =

s
kT

4� e2
�
ne + Z 2

i ni
�

as a cuto�.

� Gyration in a magnetic �eld may decreasethe e�ective mean free path, thus
allowing hydrodynamic treatment even when excluded by a �rst estimate.

� The Debye length also de�nes the length-scale beyond which the 
uid may be
regarded as neutral.

� Charge separation may be neglected if the macrosopic evolution is slow
compared to the timescale set by the plasma frequency:

! p =

s
4� nee2

me

Kinetic Equations and Hydro dynamics { p.20/23



Hydro dynamics in a Plasma
� Astrophysical 
uids are never really\neutral" in the strict senseof the word;

ionization prevails.

� In general, the de�nition of � for Coulomb scattering is problematic, since
� Rutherford ! 1 . However, charge screeningin a plasma intro duces the Debye
length

L D =

s
kT

4� e2
�
ne + Z 2

i ni
�

as a cuto�.

� Gyration in a magnetic �eld may decreasethe e�ective mean free path, thus
allowing hydrodynamic treatment even when excluded by a �rst estimate.

� The Debye length also de�nes the length-scale beyond which the 
uid may be
regarded as neutral.

� Charge separation may be neglected if the macrosopic evolution is slow
compared to the timescale set by the plasma frequency:

! p =

s
4� nee2

me

Kinetic Equations and Hydro dynamics { p.20/23



Hydro dynamics in a Plasma
� Astrophysical 
uids are never really\neutral" in the strict senseof the word;

ionization prevails.

� In general, the de�nition of � for Coulomb scattering is problematic, since
� Rutherford ! 1 . However, charge screeningin a plasma intro duces the Debye
length

L D =

s
kT

4� e2
�
ne + Z 2

i ni
�

as a cuto�.

� Gyration in a magnetic �eld may decreasethe e�ective mean free path, thus
allowing hydrodynamic treatment even when excluded by a �rst estimate.

� The Debye length also de�nes the length-scale beyond which the 
uid may be
regarded as neutral.

� Charge separation may be neglected if the macrosopic evolution is slow
compared to the timescale set by the plasma frequency:

! p =

s
4� nee2

me

Kinetic Equations and Hydro dynamics { p.20/23



Hydro dynamics in a Plasma
� Astrophysical 
uids are never really\neutral" in the strict senseof the word;

ionization prevails.

� In general, the de�nition of � for Coulomb scattering is problematic, since
� Rutherford ! 1 . However, charge screeningin a plasma intro duces the Debye
length

L D =

s
kT

4� e2
�
ne + Z 2

i ni
�

as a cuto�.

� Gyration in a magnetic �eld may decreasethe e�ective mean free path, thus
allowing hydrodynamic treatment even when excluded by a �rst estimate.

� The Debye length also de�nes the length-scale beyond which the 
uid may be
regarded as neutral.

� Charge separation may be neglected if the macrosopic evolution is slow
compared to the timescale set by the plasma frequency:

! p =

s
4� nee2

me

Kinetic Equations and Hydro dynamics { p.20/23



Magnetohydro dynamics
Even when the contiuum description is justi�ed and charge neutralit y is maintained,
magentic �elds cannot always be neglected. The problem then lies in the domain of
magnetohydrodynamics (MHD), and the momentum and energy equations are changed
and supplementedby one for B :

@(� v )
@t

+ r �
�

� v 
 v �
1

4�
B 
 B

�
+ r

�
p +

1
8�

B 2
�

= 0

@(�E )

@t
+ r �

� �
�E + P +

1

8�
B 2

�
v �

1

4�
B (v � B )

�
= 0

@B
@t

+ r � (u ^ B ) = 0

in the caseof in�nite conductivit y. Note that E now stands for:

E = " +
1
2

�v 2 +
1

8�
B 2

r � B = 0 must be imposedas a constraint.
When the magnetic pressureand stress terms are small, we are justi�ed in using the
usual Euler equations as an approximation. This is usually the casewhen

v2
Alfv �en =

B 2

4� �
� c2
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Bow Shock of the Solar Wind
� The collisional time-scale and

the mean free path are too large
to justify hydrodynamic
treatment.

� Electric forcesdue to charge sep-
aration and the magnetic �eld
of the solar wind itself serve as
agentfor dissipation, resulting in
a 
o w- and �eld-pattern that re-
semblesa shock as known from
hydrodynamics (jump conditions
etc.).

Sketch from F. H. Shu, The Physics of
Astrophysics vol. II
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